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Nonlinear imaging techniques have recently emerged which have the potential to detect cracks at 
a much earlier stage than was previously possible. This thesis describes a group of novel nonlinear 
phased array imaging techniques for non-destructive testing. In contrast to conventional nonlinear 
techniques, these techniques have the potential to reliably image tightly closed cracks and quantify 
their nonlinearities without bespoke and complicated setups. The underlying engineering science, 
the experimental procedure and the fundamental findings for each technique are discussed. 
 
The nonlinear ultrasonic diffuse energy imaging (NUI) technique was recently proposed to allow 
nonlinearity to be isolated and located in an image. Its performance for monitoring fatigue crack 
growth is first investigated. The results suggest that NUI is more sensitive than conventional 
ultrasonic imaging to the microscale changes occurring at the early stages of failure. The potential 
for NUI to deliver accurate sizing of fatigue cracks is also demonstrated. In addition, an 
investigation into the performance of NUI by optimising the key parameters with the proposed 
methodology is presented. The results suggest that the performance of NUI significantly depends 
on the parameters and the adaptive optimisation methods can be used to select the optimum 
parameters and expand the applications of NUI for different structures and materials. 
 
A family of nonlinear coherent imaging (NCI) techniques are explored and developed based on 
the coherently scattered amplitude subtraction at the fundamental or subharmonic frequency of 
two focusing modes. The novel nonlinear phenomena in the form of phase change or amplitude 
loss are investigated and exploited to yield two separate NCI metrics (phase and amplitude). The 
NCI methods using pulse-echo and pitch-catch configurations are then examined on a broad range 
of fatigue cracks grown in multiple samples. The results suggest that the NCI techniques, in 
conjunction with the proposed noise compensation approach, significantly enhance selectivity, 
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This thesis is concerned with the development and the implementation of multiple nonlinear 
ultrasonic phased array imaging techniques as well as investigations into their capabilities for 
structural health monitoring (SHM) throughout the crack growth. The research in this thesis aims 
to explore some novel nonlinear imaging techniques and deliver a clear understanding of their 
efficacy and practicality in non-destructive testing (NDT) applications by investigating their 
performance on a wide range of samples with various nonlinear damage. 
The integrity and the reliability of structural components are critical to ensure their safe 
operation (e.g. in aviation, power generation and transportation industries). It is known as that as 
materials (e.g. metals used in pressure vessel welds, railways and pipelines) age, in terms of 
fatigue, thermal aging, creep, plasticity and radiation damage, they become increasingly more 
nonlinear (e.g. Matlack et al. [2015]). There are numerous unpredictable factors of material failure 
such as potential flaws in fabrication processes and environmental deterioration. As a consequence, 
in situ or permanent inspection of the critical structures by detecting the defects at an earlier stage 
and quantitatively evaluating their remaining life is highly desirable in every engineering industry. 
Notably, crack growth generated by fatigue loading is the most common failure of many aged 
engineering structures. Early detection is therefore important to plan maintenance and guarantee 
the safety of structures. Conventional ultrasonics using various arrangements of transmitting and 
receiving transducers represents a suite of approaches to crack detection and sizing that are widely 
used in industry. However, it is well known that these techniques are inaccurate if the crack is 
small or partially closed [Tsuda et al., 2006, Thomas et al. 2005, Papazian et al., 2007]. This means 
that the detection of fatigue in its early stages is not currently possible and necessarily non-
destructive inspection is focused on monitoring cracks towards the middle and end of a 
component’s fatigue life. The consequence is that inspection intervals must be shortened and/or 
designs must have higher margins of safety, reducing structural efficiency and adding cost.  
Nonlinear ultrasonic methods are sensitive to the microstructural material changes which 
precede macroscopic crack growth (e.g. Nagy [1998] and Matlack et al. [2015]). As cracks initiate 
and start to grow, the nonlinearity due to crack opening and closing (often called non-classical 




nonlinearity) becomes the dominant feature and leads to a measurable nonlinearity prior to the 
formation of the large volumetric defects, which may then be detected effectively by conventional 
linear ultrasonic inspection. This non-classical nonlinearity is described as a contact-acoustic 
nonlinearity or clapping nonlinearity, which in the simplest case describes the ability of a partially 
contacting interface to transmit only the compressive component of a wave [Solodov, 1998, 
Solodov et al., 2002, Solodov et al., 2004]. Recently, several techniques which implement 
harmonic generation and frequency modulation using ultrasonic transducers to measure elastic 
nonlinearity have demonstrated the capability to spatially isolate fatigue cracks and effectively 
monitor their early growth [Su et al., 2014, Lim et al., 2015, Fierro and Meo, 2015, Lim and Sohn, 
2015, Amura, 2011]. However, the use of complicated bespoke setups and the lack of robust 
quantification of measurement errors have led to a significant gap between laboratory results and 
application by industry [Kim et al. 2006, Cantrell and Yost, 2001, Solodov and Korshak, 2003, 
Solodov et al., 2004, Croxford et al., 2009, Ohara et al., 2010, Yan and Nagy, 2000, Jiao et al., 
2009, Ohara et al., 2017]. 
Recent advances have enabled the formation of nonlinear ultrasonic images, allowing the 
nonlinearity to be isolated spatially whilst requiring a similar experimental setup to conventional 
linear array imaging (e.g. Potter et al. 2014 and Haupert et al. 2017). Nonlinear imaging methods 
using ultrasonic phased arrays have recently emerged which have the potential to detect material 
degradation and challenging defects, such as closed cracks. These techniques can be divided into 
three types: 1) subharmonic amplitude imaging (e.g. Ohara et al. [2007]), 2) amplitude modulation 
approach (e.g. Ikeuchi et al. [2013] and Haupert et al. [2017]) and 3) nonlinear ultrasonic diffuse 
energy imaging (NUI) (e.g. Potter et al. [2014]). In the first two techniques the scattered amplitude 
used to improve detectability of partially closed cracks does not suppress linear scattering features 
in the resultant images. The third technique uses an off-the-shelf phased array to create much 
higher resolution nonlinear images than was previously possible. It measures the diffuse ultrasonic 
field which is a regime created after long time in which the ultrasonic waves are spatially 
uncorrelated and uniformly distributed in the sample. Measurements of nonlinearity in this diffuse 
regime have been shown to have high sensitivity to crack-like defects as well as suppressing linear 
geometry features. 
Consequently, Chapter 2 builds on this NUI technique. Its sensitivity to very small defects 
within noisier materials (e.g. mild steel) as well as the accuracy of crack sizing are explored on 




some fatigue crack samples. In addition, the earliest point at which detection is achieved in a 
fatigue test is quantified. The NUI technique is used in conjunction with a standard linear imaging 
technique, known as total focusing method (TFM) [Holmes et al., 2005] for a comparison study. 
As a consequence of co-located linear and nonlinear images produced by the same phased array 
system, the nonlinear one can be used to deliver complementary information with confidence, 
when the area of interest is identified, but barely detectable from linear information. Note that here 
the ultrasonic testing is performed alongside micrographic study to examine its capability of sizing 
cracks. 
However, the parameters used in NUI to capture and analyse the diffuse waves necessitate a 
systematic process to identify their optimum values on a case-by-case basis. This is because the 
material properties, specimen geometry, boundary condition and instrumentation noise all affect 
the time taken to establish a diffuse field. Furthermore, an early estimation of a diffuse field, 
associated with an appropriate size of time window significantly determine the performance of 
NUI because of a compromise between the degree of diffuseness and signal-to-noise ratio. Last, 
the volumetric defects would require an advanced NUI in three-dimensional (3D) space using a 
two-dimensional (2D) array, thereby increasing inspection efficacy and efficiency. In Chapter 3, 
its performance is first, therefore, optimised by a suite of parametric studies (e.g. on effect of 
frequency bandwidth). In addition, some diffuse field prediction techniques as well as a novel 3D 
NUI approach are proposed to improve its applicability. 
Although the NUI technique has presented high detectability in some laboratorial cases, the 
actual structures in heavy industries are often large in size (e.g. aircraft or pressure vessels in a 
power plant) or are sometimes made of highly attenuating materials (e.g. copper), so that a 
detectable diffuse field cannot be generated. This weakness led to the development of coherent 
field imaging methods based on conventional approaches, such as subharmonic scattering and 
amplitude modulation. In Chapter 4, a board family of nonlinear coherent imaging (NCI) 
approaches using an ultrasonic phased array system are explored and developed by observing the 
novel nonlinear phenomena in terms of phase change and amplitude loss primarily at the 
fundamental or subharmonic frequency of the two focusing modes: parallel, in which the elements 
are fired together with a delay law and sequential, in which elements are fired independently. In 
addition, an approach of the instrumentation nonlinearity compensation is proposed to 
significantly improve the detectability of microcracks. In Chapter 5, the applicability and the 




efficacy of the NCI techniques for NDT are investigated by rigorously examining their 
performance on monitoring crack growth and detecting various surface breaking cracks. The 
investigations also enhance the appreciation of the relationship between the novel nonlinear 
phenomena and the mechanical characteristics of cracks.  
1.2 Thesis objectives 
1) This project aims to identify the most effective ultrasonic imaging approach by which the 
acoustic nonlinearities induced by the nonlinear defects (e.g. closed fatigue cracks) can be 
measured.  Firstly, the recently developed nonlinear ultrasonic imaging (NUI) technique is 
investigated to assess its potential for selectively detecting partially closed fatigue cracks. This is 
achieved through a series of investigations on monitoring fatigue crack growth leading to an 
understanding of its efficacy for early detection and crack sizing for structural health monitoring.  
2) The next step is to optimise the NUI in terms of the signal-to-noise performance and the 
practicality for different NDT applications. These improvements necessitate parametric studies, in 
conjunction with proposed nonlinear metrics used to indicate the NUI performance. Consequently, 
the complete set-up optimisation process is integrated with the imaging technique, in order to allow 
practical inspection without prior knowledge of the test structure. 
3) Furthermore, despite the high detectability of the fatigue cracks in some cases by using the 
NUI method, its performance and applicability are considerably dependent on the measurable 
diffuse wave field. As a consequence of practical difficulties in generating a diffuse field in some 
cases (e.g. in pipelines and pressure vessels), an alternative approach is explored based on the 
measurement of the coherent field, i.e. that scattered directly from the geometry and defects. This 
nonlinear coherent imaging (NCI) technique is expected to combine the favourable transmission 
modes used in NUI with the unexplored nonlinear phenomena of their coherently scattered waves, 
thereby significantly improving the detectability of closed cracks as well as the practicality for the 
NDT applications. 
4) Finally, multiple feasibility studies will be conducted by examining a family of NCI 
techniques on monitoring crack growth and detecting various surface breaking cracks. Therefore, 
its capabilities of structural health monitoring can be identified, in order to make full use of the 
nonlinear ultrasonic phased array techniques for NDT. 




1.3 Thesis outline 
In compliance with the objectives described above in sequence, the structure of this thesis can 
be divided into 6 chapters as follows:  
Section 1.4 of Chapter 1 reviews the literature principally relevant to the subject of this thesis. 
The development of an ultrasonic phased array system for non-destructive testing (NDT) including 
the different transmission techniques and the conventional linear phased array imaging approach 
is first introduced. Subsequently, previous works on the existing nonlinear ultrasonic techniques 
(e.g. second harmonic generation and non-collinear mixing) are reviewed and compared. Based 
on an understanding of those, a recent nonlinear ultrasonic phased array imaging (NUI) method is 
then explained. 
Following the preliminary research of the NUI technique, Chapter 2 introduces a series of 
investigations into the capabilities of NUI for monitoring fatigue crack growth. In particular 
compact tension specimens, made of mild steel, are fabricated and the standardised high-cycle 
fatigue test is carefully designed to allow the early detection and the sizing of the fatigue cracks. 
This technique, in conjunction with conventional array imaging, is applied to the periodic 
monitoring of the specimens under high-cycle fatigue loading. The detection limits of these 
techniques are investigated. Their abilities to localise and detect small cracks are further quantified 
with the aid of micrography.   
Chapter 3 describes a chain of optimisation approaches for NUI technique. Initially, the key 
parameters used in NUI (e.g. aperture size, data averaging, reception bandwidth and centre 
frequency) are studied by investigating the corresponding signal-noise performance with the 
proposed metrics. Then, three different metrics are proposed to evaluate the diffusivity of a wave 
field (i.e. predict the gate start time and the window length used in NUI method) in terms of the 
spatial energy distribution and the phase coherence. Further, three different models are developed 
to provide experimental, numerical and analytical data respectively for comparison purpose. Hence, 
the efficacy of the proposed metrics is identified by examining them on those data generated from 
simulations and well-known samples. Last, a novel NUI technique for volumetric evaluation 
(termed three-dimensional NUI) is developed and then discussed about its imaging performance 
and the applications for NDT.  




Chapter 4 introduces the development of some novel nonlinear coherent imaging (NCI) 
techniques. First, the nonlinear ultrasonic phenomena of the resultant coherently scattered wave 
distorted by closed fatigue cracks are explored experimentally from the pulse-echo ultrasonic 
measurements using the same phased array system. Following the observations of nonlinear 
change in amplitude or phase, the amplitude and phase metrics used in NCI methods are proposed. 
Furthermore, a novel approach of instrumentation nonlinearity compensation for NCI is developed 
and then discussed in terms of its efficacy of noise suppression. Finally, the pitch-catch NCI 
technique alongside the measurements at subharmonic and fundamental frequencies are 
investigated.  
Chapter 5 further investigates the capabilities of NCI techniques for NDT applications. First, 
all the NCI techniques, in conjunction with the NUI method are implemented to monitor the fatigue 
crack growth in multiple fatigue crack specimens. Their relative performances are then compared 
and discussed. Subsequently, the detectability of surface breaking cracks using the pulse-echo NCI 
technique is explored. Finally, the benefits and the limitations of the NCI techniques are described. 
Chapter 6 suggests the future works and the direction of further research. This includes the 
technology transfer of the proposed methods, the unexplored fundamental research to be followed 
















1.4 Literature review 
1.4.1 Background of ultrasonic arrays and non-destructive testing 
 
An ultrasonic array is a transducer that consists of a number of individual piezoelectric elements. 
The independently controlled parallel transmission circuits in an array controller enable separate 
firings of transmitter elements in a pre-set sequence based on a delay law, whereby the beam 
forming into a test structure can be controlled to achieve translating, steering and focusing. Recent 
developments of controller systems and high-speed post-processing have realised real-time 
imaging and hence visualisation of the internal structure. Furthermore, a one-dimensional (1D) 
array (in which its elements is arranged in one row) and a two-dimensional (2D) array (in which 
the layout of its elements has multiple rows) allow the cross-sectional and the volumetric images 
to be produced respectively. Most importantly, ultrasonic arrays deliver two considerable benefits 
over conventional monolithic transducers. Firstly, an array is able to focus or steer the ultrasonic 
beam over a broad range of depths and angles, which enables multiple inspections with a single 
transducer. Secondly, it can image a significant volume of the target from a single location, thereby 
increasing the speed of inspection. 
Ultrasonic array systems were originally implemented in medical diagnostic imaging where the 
target generally varies with time due to movement of the human body [Macovski, 1979, Well, 
1992]. The development of contrast-enhanced ultrasound has achieved the visualisation and the 
quantification of blood flow and tissue perfusion, delivering considerable benefits (e.g. ultrafast 
imaging and low cost) [Becher et al., 2000, Cosgrove et al.,2010, Wilson et al., 2010, Sboros et 
al., 2010]. Medical imaging is a compromise between frame rate (the frequency at which an 
imaging device displays successive images) and imaging performance (indicated by the signal-to-
noise ratio) [Angelsen et al., 1995]. For instance, the number of focal points in parallel 
transmission (i.e. the number of firings using an aperture, sub-set of array elements) is limited to 
the requirement of real-time imaging. Note that the parallel transmission can be principally 
classified as three modalities (plane swept B-scan, focused swept B-scan and sector B-scan, as 
illustrated in figures 1.1(a-c)). Whilst the plane B-scan can increase the inspection speed by 
simultaneously firing all the elements the detectability of targets is significantly lower than that of 




focused B-scan, because of smaller detection coverage and lower transmission energy at each 
imaging pixel.  
In non-destructive testing (NDT) applications, the target specimen is usually static (time-
invariant) over the timescale of the measurements. It is then realistic to capture and store the time-
domain signals sequentially from all the combinations of transmitter-receiver pairs of array 
elements, referred as full matrix capture (FMC) [Holmes et al., 2005]. Their further works have 
presented that the equivalent plane B-scan, focused B-scan and sector B-scan images can be 
produced by extracting the corresponding time-domain signals from the FMC data. Most 
importantly, an optimised imaging algorithm, termed total focusing method (TFM), was proposed 
to fully exploit the FMC data, thereby maximising the signal-to-noise performance by synthetically 
focusing at every pixel with all the array elements in post-processing (see figure 1.1(d)) [Holmes 
et al., 2005].  The scientific research of TFM algorithms [Zhang et al., 2010, Zhang et al., 2011, 
Bannouf et al. 2013, Felice et al. 2014], combined with the development of computing technology 
(e.g. graphics processing units) [Lambert et al. 2012, Njiki et al. 2013], have realised their broad 
industrial use in real-time imaging of defects. 
 
Figure 1.1. Schematic diagram of the (a) plane swept B-scan, (b) focused swept B-scan, (c) sector B-
scan and (d) total focusing method. 





It should be noted that the approaches of plane B-scan, focused B-scan and sector B-scan can 
be identically achieved either by post-processing the FMC data or through physical beam forming. 
Nevertheless, the TFM exploits all the information in the FMC data, so that it is only practically 
achievable in post-processing. The signals selected from all the time traces in FMC, by calculating 
their corresponding time of flight, are then summed to construct a focus at every pixel in the image. 
Assuming fn,m(t) are the time-domain received signals for each combination of transmitter (n) and 
receiver (m) elements in the FMC case, the intensity of the image, I(x, z) at any point in the image 
plane (as illustrated in figure 1.2) is given by: 
 
                            𝐼(𝑥, 𝑧) = |∑ ℎ𝑛,𝑚 (
√(𝑥𝑛 − 𝑥)2 + 𝑧2 + √(𝑥𝑚 − 𝑥)2 + 𝑧2
𝑐
)| ,                        (1.1) 
where hn,m is the complex Hilbert transform of, fn,m  [Kino, 1987], the position of focal point r 
is defined in terms of x and  z coordinates, c is the speed of sound in the target material and the 
summation is performed over all transmitters (n) and receivers (m). Note that linear interpolation 
is necessary to extract information from discretely sampled time-domain signals. Consequently, 
each point in the image contains the maximum amount of information from FMC.  Last but not 
least, previous works further developed the imaging techniques using 2D phased arrays which can 
be implemented to produce three-dimensional (3D) images of the target structure and deliver an 
enhanced characterisation of volumetric defects [Mendelsohn and Wiener-Avnear, 2002, Martinez 
et al., 2003, Blum et al., 2005]. 
 
 








1.4.2 A review of nonlinear ultrasonic techniques 
 
Unlike the reliance of a macroscopic interface in linear ultrasonic measurements, all the 
nonlinear ultrasonic techniques are based on the evaluation of elastic nonlinearity, which indicates 
a material property in which the change in stress is not directly proportional to the change in strain. 
Therefore, the nonlinear ultrasonic techniques are much more sensitive to the microscale change 
in materials. The most well-known effect of elastic nonlinearity on a propagating ultrasound is 
spectral migration (i.e. harmonic generation). As a consequence of this nonlinear effect, some of 
the energy at the incident frequency is converted into its subharmonics and superharmonics. 
Furthermore, the acousto-elastic effect, in which the ultrasonic velocity is dependent on an external 
stress applied to the test structure, has been discovered as an additional type of nonlinear distortion. 
In the existence of nonlinear elasticity, the linear acoustic properties (e.g. additivity, homogeneity 
and reciprocity) no longer holds true. The key distinction between the principles of nonlinear and 
linear systems is exploited to characterise the material. 
The interaction between elastic nonlinearity and acoustic wave has been studied by a significant 
amount of research in a multidisciplinary field (e.g. with the applications of NDT and biomedical 
diagnosis) [Murnaghan, 1937, Hughes, 1953, Toupin and Bernstein, 1961, Bateman et al., 1961, 
Johnson, 1981, Becher and Burns, 2000]. Notably, the microstructural features of crystalline 
metallic materials (e.g. dislocations, precipitates and microcracks) have been found to yield the 
elastic nonlinearity, which were firstly observed to be detected by acousto-elastic techniques 
[Cantrell, 2004, Nagy, 1998]. Additionally, the quantitative change in microstructure can be 
measured by the nonlinear ultrasonic techniques, such that the early material degradation and the 
residual life of critical assets are estimated. It is also worth noting that the defects (e.g. fatigue 
cracks) at late stages are undetectable by conventional linear ultrasonic techniques due to access 
limitations in some cases. Since the crack tip is usually tightly closed, the linear scattering from 
the tip is too weak to be distinguished from coherent noise (e.g. scattering from local grain 
boundaries). However, the nonlinear techniques have potentials to reveal those hidden defects by 
suppressing the linear interference and isolating the localised elastic nonlinearity from an 
interested source. 




This subsection reviews a broad family of nonlinear ultrasonic testing approaches. The review 
starts from the fundamental theory of elastic nonlinearity, followed by their applications as well 
as comparative study. In particular the theoretical overview of elastic nonlinearity in two different 
forms (classical and non-classical modalities) is first presented. Whilst a significant number of 
relevant techniques have been developed for the measurement of nonlinear elasticity, some of them 
are selected to be reviewed because of their viability in industrial operation. The underlying 
physics, experimental setup and key findings for each method are discussed.  
The ultrasonic testing techniques can be broadly classified as three groups: harmonic generation 
measurement, nonlinear spectroscopy and nonlinear ultrasonic phased array imaging. Briefly, the 
first nonlinear method measures either the generation of harmonics (e.g. a second harmonic wave) 
or a third wave at a resulting frequency induced by two incident waves (known as wave mixing).  
This technique is primarily dependent on the global measurement of weak classic nonlinearity, 
such that the early damage (e.g. dislocations) in a region can be estimated. Secondly, the nonlinear 
spectroscopy technique directly measures the elastic nonlinearity by evaluating the frequency 
spectra at the point of interest. This class of technique can be implemented with complicated 
instrumentation to detect damage precursors or discrete defects (e.g. fatigue cracks and 
delaminations) on a substantial surface. Finally, the latest generation of nonlinear ultrasonic 
technique utilises state-of-the-art phased array system to accomplish the imaging of non-classical 
nonlinearity (e.g. tightly closed cracks). Despite promising results obtained from multiple existing 
techniques, in which various types of transmission and post-processing are applied, considerable 
lack of quantitative studies on abundant samples as well as knowledge of underlying physics limits 
their practical applications and scientific development. 
 
1.4.2.1 Classical nonlinearity 
 
Assuming a longitudinal wave propagates through an isotropic elastic medium, the equation of 
motion can be derived in one-dimension: 
 






,                                                                        (1.2) 
 




where ρ is the density of a material, u is the particle displacement, σxx is the uniaxial stress in 
direction of x coordinate, and t is the time of propagation. For a linearly elastic material the 
applied stress is directly proportional to the resulting strain. Its mathematical expression is given 
by: 
                                                               𝜎 = 𝜎0 + 𝐸1 (
𝜕𝑢
𝜕𝑥
),                                                                     (1.3) 
 
where σ0 is the initial static stress and E1 is the appropriate second-order elastic constant (i.e. 
Young’s modulus of the material). Whilst this ordinary theory of elasticity is adequate for many 
problems and materials the actual elastic response of materials is anelastic [Zener, 1948] or plastic 
in varying degrees. Therefore, this nonlinear relationship can be approximated by using further 
terms in the Taylor series expansion. The constitutive equation for a higher order nonlinearity is 
generalised as follows: 
 



















+. . . ,                                  (1.4) 
 
where E2 and E3 are the elastic constants of third- and fourth-order respectively. It should be 
noted that the strain induced by ultrasonic waves are in general small (of the order 10-6), so that it 
is unnecessary to consider the high order terms in equation (1.4) for the further theoretical analysis. 
Ultimately, by substituting the simplified equation (1.4), including a quadratic nonlinearity 
(indicated by the third term in equation. (1.4)), to equation (1.2), the nonlinear wave equation can 
therefore be derived as: 
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,                                                             (1.5) 
 
where c is the longitudinal wave velocity in the material, and β is the acoustic nonlinearity 
parameter, which can be expressed in different forms. In general a quadratic strain energy is solved 
in three dimensions. Hence, the first approach to formulate β is the use of three independent 
parameters (A0, B0 and C0) of a specific material, termed the Landau-Lifshitz third order elastic 




constants (TOECs) [Landau and Lifshitz, 1986]. Alternatively, these can also be described in terms 
of the Murnaghan constants as 𝑙 = 𝐵0 + 𝐶0, 𝑚 =
𝐴0
2
+ 𝐵0 and 𝑛 = 𝐴0 [Murnaghan, 1937]. The 
acoustic nonlinearity parameter β is therefore expressed in terms of TOECs as: 
 
                                         𝛽 = − (
3𝐸(1 − 𝑣)
(1 + 𝑣)(1 − 2𝑣)
+ 2𝐴 + 6𝐵 + 2𝐶
𝜎0 +
𝐸(1 − 𝑣)
(1 + 𝑣)(1 − 2𝑣)
),                                         (1.6) 
 
where v is Poisson’s ratio. Note that β relies on the crystalline structure and symmetry of the 
material (i.e. the lattice anharmonicity itself). Additionally, various micro-structural defects give 
rise to measurable changes in the classical nonlinearity, whereby the changes can be quantitatively 
measured by the proposed nonlinear parameter β. The microscale defects are principally known as 
dislocation pinning, dislocation dipoles, precipitate pinned dislocations and microcracks. 
Dislocations lead to the nonlinear relationship between the glide displacement of a dislocation 
and an applied stress regardless of dislocation pinning [Suzuki et al., 1964]. The pinning is a 
mechanical behavior to prevent the materials from a movement of dislocation, because of different 
stress fields (induced by alloy elements and other point defects), grain boundaries, precipitates or 
inclusions. In the existence of the local stress fields of these pinning points, bowing out of 
dislocations occurs. Therefore, the overall strain is the sum of both lattice strain and that of the 
bowed dipole, which refers to a nonlinear stress-strain relationship. Furthermore, these dislocation 
line segments behaves similar to that of a string model, which produces an additional nonlinear 
effect [Granato and Lucke, 1956]. It is worth noting that the nonlinear parameter β is dependent 
on the type of dislocations. For instance, it has been experimentally demonstrated that edge 
dislocations contribute more to β values than screw dislocations [Zhang et al., 2013]. 
The formation of dipoles (i.e. pairs of parallel dislocations with opposite Burger vectors) 
predominantly relies on two different processes (the motions of edge and screw dislocations). In 
most cases, the stress-strain relationship of these dipoles is intrinsically nonlinear, so that the 
nonlinear elasticity of bulk materials is primarily dependent on the volumetric density of 
dislocation dipoles. A few theoretical models, associated with experimental validations, for the 
contribution of dislocation dipoles to the acoustic harmonic generation (measured by the acoustic 




nonlinearity parameter β) have been developed [Cantrell and Yost, 1994, Cantrell, 2004]. In 
addition, dislocation dipoles are the main sources of the elastic nonlinearity induced from fatigue. 
In general cyclic loading contributes to the generation of dislocated microstructures. These 
microscale features are observed as branching patterns in high spatial density, which ultimately 
evolve into slip-bands. Note that the dislocation in high density leads to the formation of dipoles. 
The presence of precipitates also determines the value of β. It is worth noting that precipitates 
implicitly contribute to an increase in elastic nonlinearity by creating the local stress field. 
Therefore, the total bulk nonlinear response is a function of the volumetric density and spatial 
distribution of precipitates and dipoles. The most types of damage (such as fatigue, creep, thermal 
aging and radiation) are related to the generation of dislocations and precipitates, so that their 
nonlinear changes can be reflected by the magnitude of β. However, a more accurate estimation of 
β requires comprehensive considerations of both the microstructure and the damage type.  
 
1.4.2.2 Non-classical nonlinearity 
 
In an idealised elastic solids bulk material oscillations behave weakly nonlinear due to the 
classical nonlinearity described above. However, previous works reported that the contact acoustic 
nonlinearity (CAN), known as non-classical nonlinearity, local to a non-bonded interface in 
contact was observed at a much higher level due to a hysteretic behaviour [Moussatov et al., 2003] 
or a clapping effect [Solodov, 1998, Solodov et al., 2002, Solodov et al., 2004]. The CAN generally 
occurs at later stages of defects followed by the formation of microscale dislocations, but prior to 
the presence of the linearly detectable defects with non-contact geometries. These characteristics 
are commonly found in well-known defects such as fatigue cracks and weakly bonded joints 
(kissing bonds) [Korshak et al., 2002, Brotherhood et al., 2003]. Therefore, early detections of the 
damage associated with CAN will be achievable if appropriate ultrasonic techniques are proposed 
to identify the source of CAN. 
Assuming a longitudinal wave is vertically incident to the surface of the interface, the tensile 
stress of the wave results in opening of the interface, such that the contact between surfaces is 
weakened. However, the compressional component leads to an increase in the elasticity by 
strengthening the contact. As a consequence, the asymmetric (i.e. bilinear) stiffness characteristics 




of the interface may be formulated by a piece-wise stress-strain relationship (as illustrated in figure 
1): 
 
                                                    𝜎 = 𝐸 (1 − 𝐻( − 0)
∆𝐸
𝐸
) ,                                                             (1.7) 
 
where H(-) is a Heaviside unit step function and ε0 denotes the initial static strain at the interface. 
 
 
Figure 1.3. Bi-linear stress-strain relationship of CAN. 
 
Such bi-linear response contributes to a broad range of nonlinear dynamics. These non-classical 
nonlinearities contributes to the formation of super-harmonics, consistent with the classical 
nonlinear effects [Blanloeuil et al., 2016]. Likewise frequency mixing exists in non-classical 
nonlinear dynamics, however it is not in compliance with the resonance criteria of classical wave 
mixing. Notably, the non-classical nonlinearity in clapping mode contributes to the generation of 
subharmonic waves at frequencies of ω0/2, 3ω0/2, ω0/3 and 2ω0/3 (ω0 denotes fundamental 
frequency of the incident wave) [Ohara et al., 2006, Yamanaka et al., 2004, Sasaki et al., 2005]. 
This form of nonlinearity can be simply distinguished from that of classical elastic or 
instrumentation nonlinearity, so that this distinction is a unique tool for characterisation of 
nonlinear defects. In addition, such nonlinear responses may be subject to amplitude thresholding 
effect in the existence of static or residual stress. Consequently, the stress generated from 




ultrasonic waves needs to be strong enough to compensate for the initial compressive stress, in 
order for exciting the nonlinear response.  
Further, non-bonded interfaces also involve in nonlinear frictional contact induced by normal 
shear waves [Meziane et al., 2011]. Assuming a shear wave is incident normal to the rough 
interface and propagates through the contact, two friction mechanisms are taken into account: 
Coulomb’s law with an invariable friction coefficient and a slip-weakening friction law which 
includes static and dynamic friction coefficients. The state of this stick-slip behaviour is dependent 
on the size of the applied shear stress, because strong shear stresses are required to initiate the slip 
(also known as amplitude thresholding effect). Additionally, this nonlinear effect is independent 
of loading direction, so that their symmetric nonlinear relationships between shear stress and strain 
are produced and presented in figure 1.4(a) and (b). Consequently, the frictional nonlinearity 
parallel to the interface, associated with the clapping effect in normal direction give rise to 
sophisticated nonlinear dynamics in non-classical mode (i.e. CAN). 
 
 
Figure 1.4. Shear stress-strain relationship for (a) Coulomb friction law and (b) slip-weakening 
friction law. 
 
The CAN leads to small displacements on the order of 10s or 100s of nanometers. The surface 
profile of cracks on this length scale is significantly irregular (i.e. the local surface roughness is 
high). Extensive models of cracks used in previous studies were built under the assumption of flat 
interfaces. Therefore, the deviations from actual nonlinear scattering directivity and non-classical 
nonlinear dynamics are expected to occur. However, these simplified models have made good 




approximations to the principle of fundamental contact nonlinearity, in which the fundamental 
energy dissipation and the generation of harmonics are taken into account.  
 
1.4.2.3 Second harmonic generation measurement technique 
 
One of the most conventional techniques for measuring classical nonlinearity is second 
harmonic generation (SHG) measurement, which has been presented to effectively detect and 
monitor microstructural changes in metals such as dislocations and precipitates [Breazeale and 
Thompson, 1963, Breazeale and Ford, 1965, Gedroitz and Krasilnikov, 1963].  As a sinusoidal 
ultrasonic wave propagates through a medium with quadratic nonlinearity, the interaction of this 
wave with microstructural features leads to the energy transfer from the fundamental frequency to 
the second harmonic component. Additionally, this physical mechanism continuously occurs with 
distance travelled, causing a cumulative effect. The principle of SHG measurement is the 
estimation of the acoustic nonlinearity parameter by evaluating the relative amplitude of the 
fundamental and second harmonic components of a measured wave at a given propagation distance. 
In the simplest case of SHG, bulk longitudinal plane waves are assumed to propagate in the 
medium, a simple relation may be established between the relative harmonic amplitude and the 
acoustic nonlinearity parameter, β. If a monochromatic ultrasonic pulse of first harmonic 
amplitude A1, radial frequency ω (=2πf) at frequency f and wave number k (=ω/c) is propagating 
through bulk material with a constant quadratic nonlinearity parameter β, then the time harmonic 
solution to equation (1.3) of the wave measured at some distance x from the source may be written 
as: 
 
                                         𝑢(𝑡) = 𝐴1𝑠𝑖𝑛(𝑘𝑥 − 𝜔𝑡) + 𝐴2𝑐𝑜𝑠(2𝑘𝑥 − 2𝜔𝑡),                                       (1.8) 
 
where the amplitude of the second harmonic wave is  
 




.                                                                       (1.9) 
 




By simply rearranging this amplitude term, the acoustic nonlinearity parameter may be 
expressed as a function of the measured first and second harmonic amplitude as follow: 
 




.                                                                       (1.10) 
 
Note that higher order elastic constants can be taken into account by applying an asymptotic 
iterative procedure, in order to provide a more accurate approximation [Thompson and Tiersten, 
1977]. However, some experimental results suggest that only the quadratic nonlinearity is 
significantly indicative of harmonic generation.  
Furthermore, the analytical solution of β states that this parameter represent a cumulative effect 
of nonlinearity along the propagation path. Consequently, SHG of bulk waves cannot localise the 
source of elastic nonlinearity, due to measurement of a spatially averaged value. For instance, such 
measurements cannot distinguish weak nonlinearity along the propagation path from strong 
nonlinearity of a localised defect. Additionally, since the bulk wave cannot be measured at any 
point inside the structure, SHG method is then limited to the surface measurements.  
The requirement for the bulk wave to be measured at some points along its entire distance 
usually limits SHG to applications for which two-sided access (i.e. through-transmission setup)   
to a structure is available. Although previous works report that [Best et al., 2014, Jeong et al., 2018] 
SHG using a single-sided pulse-echo setup delivers the potential to measure β in solids or liquids. 
However, the SHG along with the backward propagation followed by reflection is out of phase 
with that which happens on the forward path. Therefore, the SHG during the backward propagation 
interferes destructively with existing second harmonic components from the forward path, 
significantly lowering the measurability of the second harmonic component from the pulse at 
reception. As a consequence of attenuation and acoustic beam diffraction, the first harmonic 
amplitude differs slightly along the two paths, contributing to small differences in the entire SHG. 
In practice there is some measurable harmonic component remaining in the received signal but it 
is much less effective than through-transmission (pitch-catch) measurements. 
The pitch-catch experiments for SHG measurement are generally accomplished by using two 
piezo-electric transducers either bonded or gel coupled to each side of structure. As presented in 
figure 1.5, a typical SHG measurement necessitates a narrow-band transmitter with long excitation 




pulses (in the order of 10 or more cycles) and a broad-band receiver with high frequency response 
at both first and second harmonics. In addition, a powerful amplifier is necessary for an 
implementation of SHG method due to considerably weak harmonic component relative to the 
incident amplitude. When the signals are received by a broad-band transducer a series of signal 
processing methods are then employed to extract the desired information. The first and second 
harmonic components can be obtained through analogue filtering or post-processing of the 
digitalised waveform. Whilst a single measurement can imply an approximate value of β, more 
accurate estimation is achieved by repeating the measurement for a wide range of voltage input. 
In compliance with equation (1.9), the generated second harmonic amplitude is expected to 
increase with the square of the fundamental amplitude. Therefore, through multiple values of 𝐴2 
obtained at different excitation voltages (i.e. 𝐴1 ), the relationship between 𝐴2  and 𝐴1
2  can be 
described by a linear fit line through their points on a 2-D plot. The gradient of this linear fit line 
precisely predicts the value of β. 
 
 
Figure 1.5. Schematic diagram of a typical SHG experimental setup. 
 
Notably, inconsistency in coupling force can influence transmission energy and consequently 
reduce measurement repeatability [Liu et al., 2011, Sun et al., 2006]. The air-coupled transducers 
are available for ultrasonic measurements, whereas the substantial reduction in transmission 
energy leads to impracticality for SHG method. At reception, both capacitive and laser methods 
allow the signals to be measured without contact [Yost and Breazeale, 1974, Blackshire et al., 
2003]. In spite of that, the complicated instrumentation significantly limits their practical use. Last 
but not least, experimental results have also shown the similar relationship between A2 and the 
square of A1 for Rayleigh or Lamb waves [Shull et al., 1995, Beremes et al., 2007, Deng and Pei, 
2007, Pruell et al., 2009].  




Most of previous results suggest that the SHG measurement may be an efficient technique for 
quantitatively measuring early stages of degradation (e.g. fatigue and creep) in metals [Cantrell 
and Yost, 2001, Baby et al., 2008], but it cannot distinguish the source of nonlinear defects from 
bulk material nonlinearity along the propagation path as well as instrumentation nonlinearity. 
Furthermore, the consistency of results (i.e. measurement repeatability) is strongly influenced by 
coupling condition. The difference in attenuation rate and diffraction for the first and second 
harmonic necessitates effective corrections in post-processing (e.g. modifications for frequency-
dependent attenuation and amplitude ratio) [Cantrell, 2003, Hurley and Fortunko, 1997]. 
 
1.4.2.4 Wave mixing techniques for nonlinear ultrasonic detection 
 
In addition to SHG (seen as self-interaction of a wave), material nonlinearities have been found 
to trigger the interaction between two incident ultrasonic waves (known as collinear or non-
collinear interaction) [Taylor and Rollins, 1964, Chen et al., 2014]. This wave mixing technique 
possesses two overwhelming advantages over SHG method, which are the separation of material 
and instrumentation nonlinearities as well as the localised measurement of elastic nonlinearity in 
the region of intersection. In particular, quadratic nonlinearity results in three-wave interactions in 
which the intersection of two incident waves generates a third wave at a resulting frequency. The 
focus here has been selected as the non-collinear interaction due to its practical simplicity for NDT 
applications (e.g. single-sided access required).   
Under certain circumstances, the elastic nonlinearity (local to the intersecting area of two 
unparalleled waves) can induce the generation of a third wave with a frequency and wave vector 
equal to either the sum or difference of the incident wave frequencies and wave vectors 
respectively. In practice, the interaction of two shear waves generating a longitudinal wave is the 
most applicable one. More specifically, a longitudinal wave with substantial amplitude will be 
produced in the direction of the resulting wave vector (=k1 + k2, where k1 and k2 denote the wave 
vectors of the first and second incident waves respectively) given that the interaction angle ϕ and 
ratio of transmission frequencies α (=f1 / f2, where f1 and f2 represent incident frequencies of two 
different transmitters) satisfy the resonance condition below: 
 










) (𝛼2 − 1),                                                  (1.11) 
 
where q is the ratio of longitudinal and shear velocities. As a consequence of multiple 
satisfactory interaction angles, the frequency ratio can be flexibly chosen to accommodate a given 
test structure. There are nevertheless restrictions because solutions to equation (1.11) are only valid 
for frequency ratios between (1 − 𝑞)  (1 + 𝑞)⁄  and (1 + 𝑞)  (1 − 𝑞)⁄ . 
A typical double-sided arrangement for such an inspection is illustrated in Figure 1.6(a). Two 
transmitters are placed at an angle to top surface through wedges, in order to transmit shear waves 
in the test structure. The angle of the wedges is chosen such that refracted shear waves are produced 
at the interface with a required relative angle ϕ. The interaction depth is dependent on the distance 
between the transmitters. A scattered longitudinal wave is produced within the volume of 
intersected shear waves and is then measured using a receiving transducer on the opposite surface.  
 
 
Figure 1.6. Schematic diagram of a typical experimental setup for non-collinear wave mixing through 
(a) double-sided measurement or (b) single-sided measurement. 
 
One-sided access configuration of this test is also achievable as displayed in Fig. 1.6(b). For 
this symmetric arrangement, a frequency ratio of unity generates a scattered wave perpendicular 
to the surface. The generated wave will then become the first reflection from the back wall, 
received by probe positioned centrally on the transmission surface. If a frequency ratio is not 
equivalent to unity the generated wave will be steered away from centre, requiring an appropriate 
calibration of receiving position. Furthermore, depth scanning may be achieved through either 




changing the distance of the transmitters or adjusting the angle of the transmitters, however the 
change in the interaction angle requires the frequency ratio to be modified. 
Recent works have investigated the potentials of this non-collinear mixing technique for sizing 
the classical nonlinearities (such as plasticity and fatigue) [Croxford et al., 2009, Demcenko et al., 
2012] as well as non-classical nonlinearities (e.g. fatigue cracks and kissing bonds) [Jiao et al., 
2017, Alston et al., 2018]. Similarly, this method necessitates a nonlinear metric for quantifying 
the size of nonlinearities. The metric can be simply defined as the ratio of amplitude of the 
generated wave to the product of two incident amplitudes. However, it has been observed that 
there is little sensitivity to high cycle fatigue, only to very low cycle fatigue above the yield stress. 
The wave mixing technique provides more localised measurement over SHG method, whereas the 
metric is still limited to a spatially averaged value in volume of interaction. Furthermore, the 
instrumentation required for this method is significantly more complicated than those for other 
nonlinear techniques, leading to impracticality of in-situ testing and monitoring. 
 
1.4.2.5 Nonlinear spectroscopy 
 
Spectroscopy is described as the study of an interaction between a wave and a medium as a 
function of its wavelength or frequency. According to that broad definition all nonlinear ultrasonic 
techniques might fall into the category of spectroscopy. The predominant difference between the 
nonlinear spectroscopy and other nonlinear ultrasonic approaches is that it implies elastic 
nonlinearity through analysis of the wave field measured directly at the point of interest, instead 
of some later components of the propagating field. These methods necessitate excitation of a 
structure in some vibrational modes and then evaluate the frequency response at an interested 
point. The type of excitation accounts for the scope of nonlinear measurement, in which a global 
or local nonlinearity can be identified. If the excitation frequency is chosen to be close to natural 
frequency of the structure, the measured response infers nonlinear elasticity throughout the 
material. Conversely, the local nonlinear response is estimated by exciting off-resonance. 
One classical group of nonlinear ultrasonic techniques for global measurements is nonlinear 
elastic wave spectroscopy (NEWS), which principally has two types: nonlinear resonant 
ultrasound spectroscopy (NRUS) and nonlinear wave modulation spectroscopy (NWMS). A linear 




system has fixed natural frequencies and mode shapes, whereas the modal frequency response is 
dependent on input amplitude and frequency for nonlinear systems. NRUS quantifies a spatially-
averaged size of nonlinear elasticity through the analysis of relationship between excitation 
amplitudes and resonant frequencies. An example of the NRUS measurements, in which the 
damage state of the material could be obtained from the nonlinear amplitude-dependent resonance, 
was described by [Abeele et al., 2000]. Two rectangular beams, in damaged and undamaged 
conditions respectively, were excited by multiple frequency sweeps at around the first natural (300 
Hz) and the peak acceleration was recorded by an accelerometer. This was repeated for 
successively increasing drive voltages. The experimental results are presented in figure 1.7. 
Although both of samples exhibit an increase in measured acceleration with increasing excitation 
amplitude, the resonant frequency response of the damaged sample significantly differs from that 




Figure 1.7. An example of NRUS experimental results (Image reproduced from [Abeele et al., 2000]). 
 
Consistent results have also been obtained for aluminium plates including residual stresses 
[Korobov et al., 2015]. The NWMS generally apply two continuous waves at different frequencies, 
whereby the existence of nonlinear system leads to various nonlinear modulation effects. A 
systematic study into bispectral analysis, rather than power-spectral analysis, has demonstrated 
that global measurement necessitates the excitation of multiple modes [Courtney et al., 2008]. 
Some promising results in which NWMS appears to be highly sensitive to various damages have 




been observed in different materials [Meo and Zumpano, 2005, Meo et al., 2008, Courtney et al., 
2008]  
Whilst global measurement technique allows a structure to be inspected rapidly, localised 
measurements are generally favoured in order to facilitate follow-up maintenance. Previous works 
have developed a nonlinear spectroscopy technique for detecting a fatigue crack using a scanning 
laser vibrometer [Solodov et al., 2004]. In this study, analysis of the spectra reveal both the 
subharmonic generation and self-modulation (i.e. generated components at mixed transmission 
frequencies), which deliver an accurate localisation of the defect. 
Another variant of nonlinear spectroscopy for localising the source of elastic nonlinearity is 
known as time reversal nonlinear elastic wave spectroscopy (TR-NEWS), which was initially 
developed by [Ulrich et al., 2007]. Time reversal method relies on a linear feature (reciprocity 
property). The principle is as follows: assuming two incident surface waves at different frequencies 
are propagating through a damaged structure, the two waves coincidentally interact with the 
nonlinear defect simultaneously. As a consequence of nonlinear distortion, a generated wave 
component at their sum and the difference frequencies will be scattered and eventually received 
by some transducers. The received signals are then filtered at the sum and the difference, time 
reversed, re-transmitted and found to focus on the nonlinear scatter in sequence. Consider an 
ultrasonic signal transmitted or emitted from some point in a structure. The field this produces can 
be recorded at a single or multiple points elsewhere in the structure. Their experimental results 
show that the time reversed waves successfully refocused on the target crack, detected by a laser 
vibrometer. 
In summary, nonlinear spectroscopy techniques can be used to measure the global nonlinearity 
or the local nonlinearity. The surface measurements may necessitate scanning laser vibrometers to 
identify and image the target signal at the point of interest. Such techniques require complicated 










1.4.2.6 Nonlinear ultrasonic phased array imaging techniques 
 
As a consequence of impracticality of the complicated bespoke setups required for the 
localisation of elastic nonlinearity, the SHG, wave mixing, nonlinear spectroscopy techniques have 
yet to become accepted by industry. Recently, some nonlinear imaging techniques using ultrasonic 
phased arrays have however emerged with the ability to localise and size closed cracks.  These 
techniques can broadly be classified into three groups.  Firstly, subharmonic imaging [Ohara et al., 
2007] which is conceptually similar to conventional linear array imaging, but which evaluates the 
subharmonic rather than fundamental component of the received signals. These methods are well 
suited to imaging of closed cracks since subharmonic generation is associated only with the defect 
and not nonlinearity of the bulk material or instrumentation. Secondly, an approach, referred to as 
amplitude modulation, evaluates the nonlinear amplitude dependence of the fundamental 
frequency component backscattered from the inspection point. Amplitude modulation at the 
inspection point has been achieved in two ways: by modulating the transmission amplitude 
[Ikeuchi et al., 2013] and by changing the number of transmitting elements [Haupert et al., 2017]. 
In the latter technique the scattered amplitude from transmission of all elements simultaneously is 
subtracted from that recorded using just the odd and even subsets of the elements. Such methods 
have been shown to increase detectability of closed cracks but imperfectly suppress linear 
scattering features in the resultant images. Thirdly, nonlinear diffuse energy imaging [Potter et al., 
2014] contrasts the statistical diffuse energy of fields produced by sequential and parallel 
transmission focusing. Whilst this approach has shown high sensitivity in some cases, when the 
test structures become large in size or are made of highly attenuating materials, a measurable 
diffuse field cannot be produced thereby limiting the applicability.  Such applications necessitate 










1.4.2.6.1 Subharmonic imaging 
 
One classical group of nonlinear phased array imaging techniques are developed to perform the 
analysis of subharmonic component in the measured waves scattered from the focal point. This 
class of method is technically similar to forms of linear array imaging, but the focus here is the 
scattered amplitude at subharmonic frequency, rather than fundamental frequency. As described 
in Subsection 1.4.2.2, the form of contact acoustic nonlinearity induced by closed cracks can 
generate both sub-harmonic and super-harmonic components of an incident ultrasonic wave. 
As an imaging metric for non-classical nonlinearities, subharmonic scattering offers a 
considerable advantage over other harmonic components. Subharmonic generation can be clearly 
distinguished from either instrumentation nonlinearity or bulk material nonlinearity (i.e. second 
harmonic generation). Consequently received subharmonic amplitude might be predominantly 
induced by nonlinear defects. Therefore, the nonlinear selectivity is expected to be higher for the 
subharmonic imaging. 
The distorted waves are required to be scattered toward a receiving probe, in order to localise 
the source of nonlinear distortion. For a single-sided access, this can be achieved in two ways. 
Firstly some weak nonlinear components can be directly backscattered at interface in contact. 
Secondly, distortion induced by closed crack can be acquired through the forward field later 
backscattered by open crack regions, grain boundaries and other close scatterers such as a back 
wall. Furthermore, the efficacy of backscattering is also dependent on incident angle relative to 
their interface. Therefore, the distorted field is theoretically measurable in a single-sided 
configuration, but, there is uncertainty in the actual directivity function of the process due to 
reliance on the existence of desired geometric features in the specific sample. As a result, physical 
variance is existing between nominally identical cracks, leading to the difference in their 
detectability. 
Idealised nonlinear measurements necessitate both narrow-band amplitude in high transmission 
intensity and great sensitivity to the evaluated frequency component. For subharmonic imaging 
this generally requires the involvement of two different transducers in transmission and reception 
respectively, increasing the operational complexity. Note that a phased array is preferably 
employed to increase the signal detectability due to wide scattering angle. The earliest 




implementation was performed by [Ohara et al., 2007]. The subharmonic measurement employed 
a scanning monolithic transducer for transmission and an ultrasonic phased array for reception, as 
illustrated in figure 1.8(a). The image is then produced by moving the transmitter along the surface 
and post-processing of the received signals with reception focal law at each imaging pixel. 
Through evaluating the filtered signals at the desired frequency, fundamental and subharmonic 
images can be formed. The bandwidth of the receiver is typically sufficiently wide for providing 
good sensitivity to both fundamental and subharmonic signals. 
 
 
Figure 1.8. (a) A schematic illustration of subharmonic imaging experiment, and (b) imaging 
results of a high cycle fatigue crack (Image reproduced from [Ohara et al., 2007]). 
 
This technique was then implemented to the imaging of high or low-cycle fatigue cracks grown 
in both aluminium (Al17075) and stainless steel (SUS316L) specimens subjected to three point 
bending test. Their results suggest that the low-cycle fatigue crack in the aluminium sample was 
detected by both fundamental and subharmonic imaging methods. However, under high cycle 
fatigue loading, the crack tip was only visible in the subharmonic image, as displayed in figure 
1.8(b). This might be due to the crack closure, increasing contact acoustic nonlinearity. To 
manifest this hypothesis, another experiment was conducted to demonstrate that less of the crack 
region was identified in the subharmonic image when the crack grown in the stainless steel sample 
became more open with increasing applied static load.   
The detectability of closed crack is seen to be improved significantly by comparing with the 
fundamental imaging results, whereas the linear scattering features, such as the back wall, remain 
at high level within the subharmonic image. This indicates that this subharmonic imaging cannot 




separate the nonlinear source from the linear scatterers. This is possibly attributed to the forward 
distorted field backscattered by the back wall, the subharmonic generation at the probe-sample 
interface or existence of subharmonic components within transmission bandwidth. This class of 
nonlinear imaging was then widely studied in terms of its performance on a range of damaged 
samples. Similar detectability of subharmonic and fundamental imaging was seen in the results of 
crack growth monitoring [Ohara et al., 2010] and detection of different stress corrosion cracks 
[Ohara et al., 2009, Ohara et al., 2010, Horinouchi et al., 2012]. An optimisation approach using 
multiple signal classification (MUSIC) algorithm was proposed to enhance the resolution of 
nonlinear subharmonic imaging by significantly reducing point spread function [Park et al., 2016]. 
Another type of subharmonic imaging was developed by [Potter et al., 2016]. Specifically, the 
arrangement is similar to those for previous subharmonic imaging, but monolithic transmitter was 
replaced by an additional phased array to realise synthetic and physical focusing through delay 
law used in both transmission and reception. Since the majority of commercially available array 
controllers possess broadband pulse excitation rather than arbitrary waveform generation, 
transmitted signals inherently contain a considerable amount of subharmonic component, causing 
nonlinear defects indistinguishable with linear features. Consequently, this class of method 
necessitates suppression of the effect of the overlap between fundamental and subharmonic 
frequency components. To this end, the principle of parallel-sequential field subtraction used in 




Figure 1.9. (a) Parallel subharmonic image, (b) sequential subharmonic image and (c) subtracted 
subharmonic image (Image reproduced from [Potter et al., 2016]). 
 




The fundamental process of this imaging is as follows. Firstly an image is produced by 
physically focusing at each pixel in sequence through a 5 MHz transmitter and a 2.5 MHz receiver. 
The imaging process is conceptually similar to the total focusing method [Holmes et al., 2005] for 
the two array configuration filtered at the subharmonic. Secondly the synthetic focusing is 
achieved through post processing of a sequentially captured full matrix. These two focusing are 
expected to be linearly equivalent, inferring that the subharmonic components within transmission 
band will be removed after parallel-sequential subtraction. Harmonic generation is by definition 
an amplitude dependent process, implying subharmonic scattering will be greater for the parallel 
transmission case due to much larger fundamental energy at the focal point. Consequently through 
subtracting these two images from each other, linear geometric features should be removed and 
only nonlinear scatterer should remain. In addition, any subharmonic generation at the array-
specimen interface should also be removed. 
This is demonstrated experimentally in figure 1.9 in application to a high cycle fatigue crack 
grown in an aluminium sample. The parallel and sequentially focused images are seen to be 
nominally identical and are dominated by linear scattering from the back wall induced by the 
overlap between transmission and reception bandwidths. However, when the two images are 
subtracted these linear features are significantly suppressed and a nonlinear feature corresponding 
to the crack tip becomes prominent within the image. Note that the back wall is not removed 
completely by this process. This might be attributed to the instrumentation nonlinearity (i.e. the 
inability to transmit identically in parallel and sequential modes). Another key finding was that the 
longitudinal-shear mode conversion at contact interface of closed fatigue crack occurred in the 
same experiment. The results suggest that the use of generated shear wave can lead to higher 
selectivity of closed crack in this arrangement. This is likely due to the oblique incident angle 
relative to the crack interface, causing strong frictional (i.e. rubbing) contact nonlinearity excited 









1.4.2.6.2 Fundamental amplitude modulation imaging 
 
Subsection 1.4.2.6.1 described a group of imaging techniques that measures the generated 
subharmonic wave induced by the source of contact acoustic nonlinearity. Another class of 
techniques rather evaluate the remaining fundamental component to quantify elastic nonlinearity 
at or close to the target point. The principle is that if the transmitted waves propagates through 
materials of elastic nonlinearity a considerable portion of fundamental energy will transfer to some 
other frequency components. Therefore, when this small change in the received fundamental 
amplitude is measured the source of elastic nonlinearity is expected to be detected. The 
measurement of fundamental amplitude is advantageous because only one array probe is required 
for a pulse-echo configuration. Further this allows both linear and nonlinear imaging to be 
performed using the same instrumentation, facilitating the industrial use on existing phased array 
systems. Last but not least, the measurement of loss in fundamental waves provides a metric 
sensitive to both classical and non-classical acoustic nonlinearity at the pixel location. 
This class of techniques seek to exploit a relative change in the backscattered fundamental wave 
through a series of measurements. Hence some form of baseline measurement is required to be 
performed. The general concept is to modulate some experimental parameters (such as phase and 
amplitude) and then evaluate how the fundamental or subharmonic imaging changes as a function 
of this parameter. Two of the most widely studied approaches are known as phase inversion (PI) 
and amplitude modulation (AM), which were initially proposed to enhance the detectability of 
microbubble contrast agents [Brock-Fisher et al., 1996, Simpson et al., 1999]. As presented in 
figure 1.10, two or three pulses in specified phase and amplitude are output in sequence from the 
same transmitter. Through each combination of received pulses in post-processing, the linear 
components are suppressed but the nonlinear echoes are preserved and accumulated. This process 
allows the nonlinear target (in this example microbubble) to be imaged with significantly enhanced 
selectivity within nonlinear image.  
 





Figure 1.10. Illustration of pulse inversion (PI) approach, amplitude modulation (AM) approach and the 
method (PIAM) by combining PI and AM (Image reproduced from [Eckersley et al., 2005]). 
 
A variant of AM method in application to nonlinear imaging of closed crack was implemented 
by [Ikeuchi et al., 2013] who called this the fundamental wave amplitude difference (FAD) 
technique. Similarly, the experimental procedure of this approach is to form two conventional 
linear images by using a phased array to fire signals at two different excitation voltages. The 
images are subsequently scaled by the same factor as the amplitude difference in excitation and 
subtracted to produce the nonlinear image. The underlying principle is that although the linear 
scattering followed by linear normlisation are expected to appear at the proximate level within two 
linear images the disproportional nonlinear response remains as relative fundamental amplitude 
loss in the subtracted image and can be indicative of elastic nonlinearity. 
To examine the efficacy of this technique, a fatigue crack specimen made of austenitic stainless 
steel was inspected by a 32 element 5 MHz array. The low and high input amplitude images as 
well as the subtracted image for this test are presented in figures 1.11 (a-c). The fatigue crack in 
this sample is likely to be slightly open due to strong linear scattering of the crack tip relative to 
the back wall (see figures (a) and (b)). The subtracted image is seen to improve the selectivity of 
fatigue crack at first glance, whereas the amplitude of each feature in the subtracted image is not 
convincing. An example is that the back wall on the right hand side of two images (see figures 
1.11(a) and (b)) exhibits the highest contrast in amplitude, but the subtracted image shows that 
none of the scattering can be seen in the same area, and the peak amplitude of scattering within 
the image in figure 1.11(c) is approximately three quarters of the highest value in its dynamic 
range.  






Figure 1.11. Fundamental wave amplitude difference technique (a) low amplitude image (b) high 
amplitude image (c) subtracted image. (Image reproduced from [Ikeuchi et al., 2013]). 
 
Another class of AM method was proposed by Haupert et al. [2017]. This technique relies on 
similar principles to FAD approach. In contrast to modulated transmission amplitude used in FAD, 
this method instead vary the number of transmitting elements to achieve the high or low amplitude 
focusing at each pixel location. The principal advantage is that the effect of nonlinearity generated 
during propagation path between probe and target nonlinear defect can be eliminated. It is also 
insensitive to other sources of nonlinearity such as instrumentation nonlinearity and contact 
acoustic effects at the array-specimen interface because of the identical transmission energy for 
each element used in high and low amplitude focusing.  
 
 To form a nonlinear image, this necessitates three different acquisitions. Firstly, it employs all 
the elements to physically focus at each pixel on both transmission and reception to form a linear 
image (known as parallel focusing). A similar process is then performed using identical focal laws 
but transmitting in turn with only the odd elements and subsequently the even elements. The two 
subset measurements are first summed, then subtracted from the full transmission and finally 
processed to generate the nonlinear image. This is described schematically in figure 1.12 (a). For 
a linear system, the sum of the two subset transmission generated the equivalent field to the full 
parallel transmission. However, the amplitude seen by each focal point for the full transmission 
will be roughly twice that of the odd-even subset transmissions yielding a difference in the 
nonlinear response of the two at the focal point. This concept is similar to the principle of parallel-
sequential field subtraction but using half of the array elements rather than single elements.  






Figure 1.12. A type of amplitude modulation (a) imaging process and (b) imaging results. (Image 
reproduced from [Haupert et al., 2017]). 
 
This technique was implemented to image a fatigue crack grown in a stainless steel AISI304 
sample. The linear and nonlinear images generated using a 64 element 5 MHz array are presented 
in figure 1.12(b). The linear image exhibits substantial coherent noise (i.e. grain noise) similar to 
the previous example. The linear response of the crack is not restricted to the tip in this case, 
however exhibits considerable linear scattering along the whole crack length. The corresponding 
nonlinear image presents significant suppression of grain noise as well as an increase in 
detectability of cracked area (the quoted figure is of a 5 decibels (dB) enhancement). Notably, 
although this technique is expected to suppress more noise over FAD residual scattering from the 
linear back wall appears at much stronger level than the last example. 
Both of these examples demonstrate the potentials of fundamental amplitude modulation 
imaging to increase signal-to-noise performance for high cycle fatigue cracks. It is evident 
however that some linear backscatterers from the crack is also required for the nonlinear response 
to be measured. It is thought that this class of technique is suited to providing complementary 
information in the detection of partially-closed defects that are weakly visible in a linear modality 
but perhaps cannot be distinguished from coherent noise and proximate linear features. However, 
such class of technique still necessitates further development on improving the detectability of 
various nonlinear defects (e.g. early stage microcracking) as well as suppression of interference 




from linear features. Additionally, the quantitative study is also important in order to examine their 
capability of sizing defects. 
 
1.4.2.6.3 Fundamental diffuse energy imaging 
 
The nonlinear imaging methods described in Subsections 1.4.2.6.1 and 1.4.2.6.2 are principally 
dependent on the measurements of coherently scattered field at subharmonic and fundamental 
frequencies. In theory, both of those methods only measure a small proportion of total nonlinear 
response due to the inability to capture the target scattering in every direction. In particular, if a 
microcrack is perfectly closed only the forward distorted field would exist, which is barely 
measurable when the receiver is not positioned on the other side. In either this case or detection of 
a partially closed crack, it necessitates an approach to capture all of the nonlinear information using 
single-sided access (also preferably with a single probe), in order to improve the detectability of 
these defects. A novel technique termed nonlinear ultrasonic diffuse energy technique (NUI) was 
recently proposed to overcome those difficulties [Potter et al., 2014]. The use of diffuse field is 
advantageous since it allows total nonlinear information at each pixel location to be obtained 
through measurement of uniformly distributed energy. Further, Subsection 1.4.2.6.2 described a 
technique that employs half of array elements for low amplitude focusing. This method instead 
fires every single element separately in order to increase energy contrast at the focal point between 
low and high amplitude focusing. A brief overview of this technique is given as follows. 
The technique uses an off-the-shelf phased array to create much higher resolution nonlinear 
images than was previously possible. In addition a diffuse field nonlinear metric was explored and 
shown to have high sensitivity to the nonlinear signals. More specifically, the NUI technique uses 
an array to create a spatial map of nonlinearity by focusing in two different modes on each pixel 
in the image. The first mode is parallel, in which the elements are fired near simultaneously with 
an applied delay law, resulting in high intensity focus (known as physical beam forming) at the 
pixel location. Another mode is sequential in which the elements are fired independently (referred 
as full matrix capture) and the interference effects of focusing are emulated synthetically through 
a post-processing algorithm. The principle is that two resulting fields would be linearly equivalent 
and therefore any differences can be used to infer the elastic nonlinearity. Similarly, this difference 




is also insensitive to other sources of nonlinearity such as bulk material and transducer-specimen 
interface nonlinearities.  
When parallel focusing is achieved using a large number of array elements, the absolute 
acoustic pressure seen by focal point is significantly higher at the focal point than that through 
independent firing used in sequential transmission. This can be interpreted by an example: 
assuming longitudinal waves transmitted by a 64 element array propagate through an isotropic 
elastic materials with a quadratic nonlinearity, each pulse arrives at a focal point with amplitude 
A. For each single transmission cycle of parallel and sequential focusing, the absolute amplitude 
seen at the focal point differs by a factor of 64. Since the amplitude of a generated second harmonic 
wave is proportional to A2 and the wave energy is also proportional to A2, the amount of energy 
lost from the fundamental wave (i.e. the amount of energy obtained in the second harmonic 
generation), is proportional to A4. Consequently, the acoustic energy lost from the fundamental 
wave for the single transmission cycle in parallel focusing is 643 larger than that via the summation 
of the 64 transmission cycles required for the equivalent sequential focusing (see more details 
described in table 1.1). This considerable difference would infer the elastic nonlinearity at the focal 
point if all the distorted signals can be measured in subsequent propagating wave field. 
 
Focusing type Amplitude of 
fundamental harmonic 
at focal point 
Amplitude of 
second harmonic at 
focal point 
Energy lost from 




64×A (64×A)2 (64×A)4 
Sequential (all 
transmission cycles) 
64×A 64×A2 64×A4 
Table 1.1. Amplitude of fundamental and second harmonic as well as energy lost from fundamental 
wave for parallel and sequential focusing cases of a 64 element array. 
 
The wave field is not accessible by the measurement system at the focal point. Further, the 
existence of substantial diffusors and scatterers (e.g. boundaries of the structure and grain) leads 
to inability to capture all of the distorted wave in coherent field at a single inspection location. 
However, the fundamental energy loss might be inferred subsequently from a homogeneous wave 




field (diffuse wave field). The principle is that after multiple scattering energy sampled at any 
instant within the structure is proportional to the total energy in the system. Consequently, 
nonlinear information at the focal point in the form of energy loss is uniformly spread within the 
structure. Note that it is important to measure the diffuse energy over a period of time because in 
a statistical sense this will involve more distorted waves in the analysis of total fundamental energy 
lost at the focal point. The proposed approach then estimates acoustic nonlinearity at the focal 
point by measuring the relative loss in fundamental diffuse energy between parallel and sequential 
focusing.  The imaging metric is then defined as the normalised difference in fundamental energy 
of parallel and sequential focusing. 
This technique was implemented to the measurement of a high cycle fatigue crack grown in an 
aluminium compact tension specimen. Note that a 5 mm diameter hole was machined behind the 
crack tip and an equivalent hole was machined to one side as a linear reference. The linear and 
nonlinear images, formed using a 64 element 5 MHz array are shown in figure 1.13. 
 
 
Figure 1.13. (a) Nonlinear ultrasonic diffuse energy imaging results and (b) Total focusing imaging 
results. (Image reproduced from [Potter et al., 2014]). 
 
As presented in figure 1.13 (b), the linear image is seen to be dominated by the back wall and 
hole scattering. There are some shadowing effects on the left hole induced by diffraction at the 
crack tip, whereas this is a vague indication and no sizing information is provided. The nonlinear 
image shows a clear indication from the cracked region due to the local elastic nonlinearity. 
Furthermore, the linear suppression seen in this example is particularly effective, as a direct 
consequence of the diffuse energy measurement. Since imaging is not based upon a coherently 




scattered signal from the inspection point, instrumentation nonlinearity (e.g. inability to transmit 
the equivalent energy in two consecutive firing) does not generate artifacts from linear features as 
is the case with coherent nonlinear imaging techniques (described in Subsection 1.4.2.6.2). This is 
crucial because a geometric feature which acts as a stress raiser to initiate crack growth is itself 
intrinsically a strong linear scatterer. Therefore, without separation of linear and nonlinear 
modalities, a small nonlinear defect can be masked by the linear feature it grows from. In summary, 
this technique is seen to provide the highest sensitivity to closed cracks by capturing more 
nonlinear information at each imaging location in the diffuse field. Since it requires measurable 
signals in the diffuse field the application is limited to small structures or made of weakly 
absorbing materials. 
 
1.4.2.6 Summary of nonlinear ultrasonic techniques 
 
A broad variety of techniques have been proposed to measure elastic nonlinearity in various 
materials such as composites and metals. Each have particular experimental requirements which 
determine their practical applicability and each exhibit differences in sensitivity to different 
damage types. In general, by comparison with linear ultrasonic techniques, their uniqueness is to 
characterise smaller structural change prior to the formation of the large volumetric damage, which 
may then be detected effectively by the linear techniques. The nature of existing scientific literature 
makes direct comparisons of the sensitivity of these nonlinear techniques difficult. Each result is 
presented for different specimens and using different instrumentation. Furthermore signal-to-noise 
improvements are evaluated quantitatively in different ways or not at all for each case. It is possible 
however to draw certain conclusions regarding the various advantages and disadvantages of each 
method, which is summarised in table 1.2. From table 1.2, it is evident that nonlinear diffuse energy 
imaging technique should be further studied quantitatively as the most promising method. 
Furthermore, its strong reliance of a measurable diffuse field also necessitates more scientific 
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Table 1.2. Summary of a comparative study for existing nonlinear ultrasonic techniques. 
 
1.4.3 Research scope based on literature review 
 
The research scope presented in this thesis is derived from the principal gaps in the literature 
reviewed above, and it specifically focuses on four aspects: 
1) Since nonlinear ultrasonic diffuse energy imaging (NUI) technique is seen to provide the 
highest sensitivity to closed fatigue crack, further quantitative study should be made to examine 
the detectability of early stage microcracking as well as the capability of crack sizing. In this thesis, 
an investigation into the performance of NUI for the monitoring of the early stages of fatigue crack 
growth was conducted with the aid of micrography. The detection limits and the repeatability of 
this technique were also explored.  
2) As indicated in the literature, the NUI is based on the measurement of propagating waves 
over a period of time within diffuse field. In addition, all the published results were produced 
through the use of empirical parameters (e.g. gate start time and window size at reception) under 
laboratory conditions and in small specimens. Consequently, a systematic study and an effective 
optimisation of key parameters used in NUI were described later. In particular, an optimisation 
method to measure and predict a diffuse field was developed to select the optimum value of gate 
start time and window size for NUI in application to an unfamiliar structure. Furthermore, an 




investigation into NUI in three-dimensional space was accomplished and demonstrated that it can 
be used to effectively evaluate elastic nonlinearity of volumetrically variant defects. 
3)  Since a measurable diffuse field might not exist in large structures (e.g. components in heavy 
industry), it would be important to develop an alternative approach. Some coherent imaging 
methods have been reported in the literature, whereas the inability to separate nonlinear defects 
from linear features is observed in most of their results. This might be attributed to a 
misinterpretation of an appropriate use of nonlinear information contained in coherently scattered 
field. Consequently, an investigation into parallel-sequential coherently scattered field was firstly 
launched to explore the underlying physics behind the experimental nonlinear results. 
Subsequently, a wide variety of novel metrics were proposed and used to deliver significantly high 
sensitivity to fatigue cracks as well as effective linear suppression. 
4)  As a consequence of promising results seen in the proposed coherent imaging method, 
further investigation into its efficacy of crack growth monitoring was made along with the diffuse 
energy technique. The capability of crack sizing and early detection was explored. Additionally, 
some surface breaking cracks grown in different samples were used to examine the applicability 
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CHAPTER 2-MONITORING OF FATIGUE CRACK GROWTH 
USING NONLINEAR ULTRASONIC DIFFUSE ENERGY 
IMAGING 
2.1. Introduction 
As indicated in literature review, previous works described nonlinear ultrasonic diffuse energy 
imaging (NUI) technique and showed its potential for the detection of small defects within 
aluminium specimens [Potter et al., 2014]. In this chapter, the sensitivity of NUI to microscale 
defects within noisier materials (e.g. mild steel) and the quantification of the earliest point at which 
detection is achieved are demonstrated in a fatigue test. The accuracy of crack sizing achievable 
was also explored by identifying their actual sizes using micrography. The NUI technique was 
implemented alongside a conventional linear imaging technique, termed total focusing method 
(TFM) for comparison purposes [Holmes et al., 2005]. Indeed, it is shown that the same array used 
with a standard commercially available array controller can be used to produce co-located linear 
and nonlinear images. In this way, the nonlinear image can be seen as providing complementary 
information, which can be used in conjunction with the conventional linear information. 
Specifically, the linear and nonlinear imaging techniques are applied to the periodic monitoring 
of steel compact tension specimens subjected to high cycle fatigue loading. The results suggest 
that NUI is more sensitive than conventional ultrasonic imaging to the microscale changes 
occurring at the early stages of failure, i.e. detectability starts c. 15% of fatigue life. In addition to 
early detection, the potential for NUI to deliver accurate sizing of fatigue cracks and monitor crack 
propagation is also presented. 
2.2. Linear (TFM) and nonlinear (NUI) imaging 
In a typical commercially available array controller, two alternative modes of operations are 
possible. In parallel mode, independently controlled circuits allow the firing of transmitter 
elements in a pre-set sequence termed a delay law. Similarly, these, or other, delays can be applied 
to the received signals on reception to form an image. The use of this mode of parallel firing and 
delays on transmission results in a high intensity beam forming in the specimen that can be 




controllably translated, steered or focused. Alternatively, sequential transmission and capture can 
be used and the time-domain signals from all the individual combinations of transmitter-receiver 
pairs captured one after the other. This so called full matrix capture (FMC) [Holmes et al., 2005] 
data can then be post-processed to form an image. The key difference here is that, as the signals 
from individual elements are transmitted separately, in this sequential mode the high amplitude 
focus is not physically generated in the sample. If the test structure is time invariant and the 
principle of linear superposition holds, these two modes of operation yield identical images.  
The NUI technique capitalises on the physical difference in amplitude of the waves at the focal 
point if the parallel and sequential modes are compared (see fuller details in Subsection 1.4.2.6.3). 
It is apparent that the pressure amplitude, A, at the focus, is of the order of N times higher in the 
parallel case, where N is the number of elements in the array. Considering the case of classical 
third order strain energy, since the amplitude of any second harmonic wave generated is 
proportional to A2 and the energy of the wave is proportional to A2, the amount of energy in the 
second harmonic wave, is proportional to A4. Furthermore, since the energy is conserved, the 
amount of energy lost from the fundamental will be N3 times higher in the parallel case. Note that 
in practice higher harmonics could exist and these would result in further energy loss from the 
fundamental. In the NUI technique the energy in the fundamental is measured as the integral of A2 
over some time window which is set to be within the diffuse field, i.e. at a time after which the 
energy is uniformly distributed within the sample. 
The requirement to measure the energy of the diffuse field means that the selection of reception 
start time tr (the time instant when each element starts to receive signals) and window length T (the 
time length corresponding to duration of the time domain signal each receiver acquires) is 
particularly important. There are two competing effects. First, the acoustic field only slowly tends 
to the diffuse field condition with time. Second, as wave propagation is dissipative, the signal-to-
noise ratio will decrease with time. Ultimately, compromise values of tr and T must be found such 
that a diffuse field condition is achieved and the amplitude is acceptable, i.e. the signal-to-noise 
ratio is sufficient.  
Assuming fn,m(t) are the time-domain received signals for each combination of transmit (n) and 
receive (m) elements in the sequential case. 𝛿𝑛
𝑇(r) is the transmission delay applied to the nth 
element to achieve a focus at a point r. Also, gm(r,t) is the time-domain signal received on element 




m for the parallel transmission of all elements delayed independently by 𝛿𝑛
𝑇(r). The frequency (ω) 









The energy content of the fundamental is then found from integration of the amplitude squared 






𝜔0. These integration limits are chosen to exclude 
nonlinear energy flux within the evaluated bandwidth and maximise the ultrasonic energy incident 
at the focal point. This is because the internal movement of energy to subharmonics or 
superharmonics does not contribute to the evaluation of fundamental energy loss. Consequently, 
the diffuse acoustic energy in the sequential focusing case Es at focal point, r for an N element 
array is given as: 
 


















.                                    (2.1) 
 
Likewise, the parallel transmission energy Ep is calculated as follows:  
 












.                                                (2.2) 
 
Finally an image is formed by calculation of the nonlinear metric γ at a given imaging/focal 
point r [Potter et al., 2014] 
 
                                                        𝛾(𝑟) =
𝐸𝑠(𝑟) − 𝐸𝑝(𝑟)
𝐸𝑝(𝑟)
.                                                                  (2.3) 
 
The nonlinear metric γ at every focal point r is used to produce a full nonlinear image in the x-
z plane (see figure 1(a) for axis definition). Alongside this a conventional TFM image (see fuller 
details in Subsection 1.4.1) of the same size is produced in order to visualise the linear features of 




the specimen, which the nonlinear imaging technique cannot display. The TFM image, I(x, z), is 
given by: 
 
                         𝐼(𝑥, 𝑧) = |∑ ℎ𝑛,𝑚 (
√(𝑥𝑛 − 𝑥)2 + 𝑧2 + √(𝑥𝑚 − 𝑥)2 + 𝑧2
𝑐
)| ,                           (2.4) 
where hn,m is the Hilbert transform of, fn,m, the position of focal point r is defined in terms of x 
and  z coordinates, c is the speed of sound and the summation is performed over all transmitters 
and receivers. 
 
2.3 Experimental procedure 
2.3.1 High cycle fatigue tensile test 
 
As presented in figure 2.1(a), mild steel compact tension (CT) specimens were manufactured 
according to the ASTM standard E647-05 [ASTM International, 2006]. The initial notch was 
manufactured by electrical discharge machining (EDM) to create a stress concentration and is 
displayed in figure 2.1(b). The fuller details of its geometry are displayed in figure A.1. The type 
of the mild steel is chosen to be ASTM A36, which is commonly used in engineering industries 
for general structural purposes. The wave propagating speed in this steel has been found to be 5924 
m/s by measuring the time at two successive peaks reflected from the back wall using A-scan. The 
load limits were then chosen to ensure that the specimen can fail in the high cycle fatigue regime. 
The maximum stress intensity factor Kmax was selected as: 
 
                                                                 𝐾𝑚𝑎𝑥 =
𝐾𝐼𝐶
3
,                                                                              (2.5) 
 
where KIC = 65 MN/m
3/2 is the nominal fracture toughness of this steel [ASTM International, 
2006]. The minimum stress intensity factor Kmin, employing a stress ratio value of R=0.13 (where 
the stress ratio R is the ratio of the minimum and maximum load, Pmin and Pmax, per cycle), is 
estimated below: 
 




                                                   𝐾𝑚𝑖𝑛  = 𝑅𝐾𝑚𝑎𝑥 =
𝑃𝑚𝑖𝑛
𝑃𝑚𝑎𝑥
𝐾𝑚𝑎𝑥.                                                            (2.6) 
 
According to ASTM standard E647-05, the geometry factor of the CT specimen is given, and 
consequently the stress intensity factor range ΔK is given as: 
 







(0.886 + 4.64𝛼 − 13.32𝛼2 + 14.72𝛼3 − 5.6𝛼4),                (2.7) 
 
where ∆𝑃 = 𝑃𝑚𝑎𝑥 − 𝑃𝑚𝑖𝑛 , B is the thickness of the specimen (25 mm) and α(=a/W) is the ratio 
of the distance from the load bearing point to the notch or crack tip (a=22 mm), and the width of 
CT specimen (W=50 mm). The dimensions of B, a and W are illustrated in figure 2.1(a).  
Therefore, the load was varied between 2 kN and 15 kN (Pmin and Pmax) in a hydraulic tensile 
testing machine (Instron 8800MJ6272, UK) at a frequency of 3 Hz. In addition, once the test was 
stopped (in order to allow the linear and nonlinear ultrasonic imaging) after a prescribed number 
of cycles, the metallographic preparation was completed in the vicinity of the crack tip by fine 
grinding using silicon carbide paper as well as further fine abrasion using polishing cloth with a 3 
µm monocrystalline diamond suspension. Note that acetone was used to clean the surface 
following each cycle of abrasion or polishing. After polishing to a scratch-free mirror finish, the 
microstructure around the crack was then observed by a microscope (Zeiss Axio Imager 2, 
Germany) and, consequently, the crack length was monitored periodically during the fatigue test.  
 
2.3.2 Ultrasonic inspection  
 
The ultrasonic inspections utilising NUI and TFM imaging were implemented by positioning 
an array on the top face above the end of notch as shown in figure 2.1(a). All the inspections were 
performed with a 64 element ultrasonic array (Imasonic, France) with nominal centre frequency 
of 5 MHz, (-6 dB bandwidth 86% of the centre frequency), and pitch of 0.63 mm, as well as an 
array controller (Peak NDT Micropulse FMC, UK). This experimental setup is consistent with the 
one from [Potter et al., 2014], which is expected to provide good sensitivity to linear and nonlinear 




features on the CT sample in close size. It should be noted that the gate start time, tr, depends on 
the geometry of specimen, random noise and material properties, since the time to reach the diffuse 
field varies with these. By examining the efficacy of NUI on the given nonlinear and linear features 
on this CT specimen during experiments, empirically appropriate parameters for the NUI imaging 
were chosen as window length, T of 0.12 ms with the gate start time, tr, at 0.1 ms, providing a 
compromise between diffuseness and signal-to-noise ratio. Note that the values of T and tr were 
modified independently in this parametric study and the corresponding imaging performance was 
estimated by observing the nonlinear metric close to a fatigue crack relative to that of an 
undamaged area. Since the incoherent (i.e. time varying and random)  noise has more influences 
on measurability of a diffuse wave at lower amplitude, reception gains for parallel and sequential 
transmission were adjusted correspondingly to ensure the consistency of their received amplitude 
intensity. Consequently, the parallel and sequential gains were selected as 42 dB and 59 dB 
respectively, which received similar amplitude at high intensity (without saturation). The voltage 
was input as 200 v to maximise the transmission energy, instrumentally leading to the largest 
difference in nonlinear response between parallel and sequential focusing. Sample bit rate was 16 
bit/s and sampling frequency was 25 MHz, which provides sufficient horizontal and vertical 
precision of the digital waveform in this case. Also, the pulse repetition frequency was selected as 
500 Hz, which allows the wave energy remaining in previous transmission cycle to dissipate for a 
longer period prior to the next firing. Furthermore, the TFM imaging technique was performed on 
the side of specimen parallel to the crack face (as presented in figure 2.1(a)). As a consequence of 
a larger reflecting surface in this orientation, this gives rise to the best case scenario for linear 
inspection, however it should be noted that this arrangement is often not practically realisable due 
to access limitations (e.g. single-sided access towards orientation of surface breaking cracks in 
application to pipeline and pressure vessel inspection).  
 





Figure 2.1. (a) Schematic diagram of nonlinear and linear phased array measurement configuration on 
CT specimen (dimensions in mm) and (b) photograph (zoomed in with a millimetre scale) of the 0.1 mm 
wide notch on the CT specimen before fatigue test. 
 
2.4 Experimental results 
2.4.1 Life monitoring  
 
A mild steel CT specimen was subjected to cyclic loading in order to ascertain the performance 
of NUI and TFM imaging with crack growth. The fatigue test continued until the specimen failed 
with a prescribed opening angle, 5 degrees, in order to estimate the life span based on the specified 
high cycle fatigue loading. This allows linear and nonlinear metrics to be related to the fatigue life 
in addition to crack size. 
Before the start of fatigue test, the specimen was inspected using linear TFM and the NUI 
technique, shown in figures 2.2(a) and (b) to understand the background noise level and the 
characteristics of the baseline geometric features. 
 





Figure 2.2. Nonlinear and linear images prior to loading. (a) Linear TFM images on a dB scale (b) 
Nonlinear images of the nonlinear metric, γ. 
 
The grain structure of mild steel contributes to energy absorption, increasing the effect of 
incoherent (i.e. time varying and random) noise on diffuse field measurements as well as 
generating coherent (i.e. scattering form the grain structure) noise in linear images in comparison 
to finer grained materials such as Aluminium. Therefore, the background levels presented in 
figures 2.2(a) and (b), will inevitably mask some nonlinear and linear features and set detection 
thresholds. It is likely that time-variant perturbations to the system, for example through 
environmental changes, between parallel and sequential acquisitions also contribute to the 




nonlinear background levels. Additionally, in spite of higher reception gain used in sequential 
capture over the parallel one, incoherent noise still has a proportionally larger contribution to the, 
lower amplitude, sequential measurements since the amplitude of propagating sequential waves is 
more likely to be close to or below the noise floor. This leads to imperfect subtraction of 
parallel/sequential fields, reducing the ability to suppress linear features, as is evident by the 
presence of background response coinciding with linear features.  As would be expected, the linear 
TFM image in figure 2.2(a) shows the linear scattering from the geometric features of the specimen 
and the amplitude in figure 2.2(b) gives an indication of how well these features are suppressed. 
 
 
Figure 2.3. Nonlinear images in nonlinear metric γ at (a) 20000, (b) 30000, (c) 50000, (d) 70000, (e) 
90000, and (f) 130000 cycles. Note that the red cross represents position of the maximum γ. 
 
The fatigue experiments were stopped at the completion of 20000, 30000, 50000, 70000, 90000 
and 130000 cycles in order to perform the NUI (see figures 2.3 (a-f)), with eventual failure 
occurring at 135500 cycles. Figures 2.3(a-c), cover the period up to 50000 cycles, which is thought 
to correspond to crack nucleation and initial growth. In this initial fatigue region, the amplitude of 
the nonlinear metric can be seen to increase by double the maximum background level with the 




maximum nonlinearity occurring in the vicinity of the initiation notch. Figures 2.3(d-f) show the 
position of maximum nonlinearity (indicated by the red cross) moving ahead of the initiation notch, 
suggesting more extensive cracking. In all cases, it is likely that the nonlinear response observed 
(up to four times the maximum background level) is predominantly a consequence of contact-
acoustic effects [Cantrell and Yost, 2001]. Figure 2.3(f) shows that at 130000 cycles the position 
of maximum nonlinearity has reached 2 mm from the starter notch tip and its amplitude has 
decreased somewhat relative to earlier points in the fatigue life. This late-life amplitude effect is 
likely a consequence of the crack beginning to open as the sample nears failure, resulting in fewer 
contact points and reduced instances of nonlinear contact acoustic effects.  The sample failed 
shortly after commencing cycling beyond 130000 cycles. 
A linear TFM image was performed with the array located on the top of the sample as shown 
in figure 2.4(a) and this revealed no significant changes in linear scattering above the end of the 
initiation notch throughout the crack growth. Although some evidence of the defect is provided by 
shadowing effects close to notch tip caused by diffraction at the crack there is an unclear indication 
as well as no sizing information. This demonstrates a clear example of the NUI technique having 
increased sensitivity over a high performance traditional linear technique (i.e. TFM). 
 
 
Figure 2.4. (a) Linear TFM image at 130000 cycles on a dB scale and (b) maximum nonlinear metric, 
γ, as a function of % fatigue life (error bar represents an averaged standard deviation). 





As shown in figure 2.4(b), the relationship between change in the maximum acoustic 
nonlinearity and fatigue life demonstrates that the acoustic nonlinearity generally increases until it 
reaches around 70% of fatigue life).  Error bars denote a single standard deviation of peak 
nonlinear amplitude.  This standard deviation is calculated for multiple image acquisitions 
(between 3 and 5) at each sample point, then averaged over all points. The error bars provide a 
measure of repeatability for a specimen in a given state, but not between different specimens.  
 
 
Figure 2.5. Nonlinear images in nonlinear metric, γ at (a) 5000, (b) 20000 and (c) 40000 cycles. Note 








2.4.2 Early detection investigation  
 
The previous study evaluated the efficacy of imaging throughout the whole fatigue life.  A 
further test was conducted in order to more closely study early stages of crack growth and explore 
the limits of detectability. The loading step was reduced to 5000 cycles in order to ensure the early 
stage damage is monitored and detection performance could be investigated.  
The results in figures 2.5(a-c) demonstrate nonlinear features consistent with those seen in 
Subsection 2.4.1.  Initially the crack, which was barely visible in figure 2.6(a), could not be 
detected with NUI or the TFM technique. The earliest detection was at 20000 cycles where the 
maximum nonlinearity was near the end of the notch. The micrograph in figure 2.6(c) was taken 
at 20000 cycles and shows that the crack tip was at 251 µm above the initial notch end. The location 
of the maximum nonlinearity then remained within 1 mm of the crack tip from 20000 cycles to 
40000 cycles. It should be noted that the fundamental transmitted wavelength is 1.2 mm, which 
potentially contributes to the error in its localisation. It should also be noted that in this experiment 
the crack propagation was more likely to generate small branches due to slight variations in loading 
condition caused by relatively frequent removal and mounting among all the steps. The branches 
which might not exist before 40000 cycles in the previous test may contribute to the small 
difference in acoustic nonlinearity observed when figures 2.3 and 2.5 are compared. Therefore, the 
difference in the maximum nonlinear metric at the same cycles (from figures 2.4, 2.7 and 2.9) 
results predominantly from sample-to-sample variations.  
The features of diagonal spots as displayed in figures 2.5(a-c) are a consequence of reduced 
focused capture number (the number of focal point per parallel acquisition). When each set of 
parallel data is captured some energy from the previous parallel transmission remains, which 
increases the amount of energy recorded in the next set. The delay between sets of acquisitions is 
much longer, so that this energy dissipates. Consequently, the first pixel of each acquisition set 
possesses lower nonlinear metric. Note that although a decrease in pulse repetition frequency as 
well as a reduction in focused capture number could be used to suppress this effect the pulse 
repetition frequency has been selected as the lowest and a reduction in focused capture number 
increases total acquisition time, which also gives a rise to coupling change. From Subsection 2.4.2, 
a compromise focused capture number was chosen as 16 rather than 64 used in Subsection 2.4.1.  




Figures 2.5(d) and (e) show the linear TFM images produced through positioning the array at 
the left side (see figure 2.1(a)). Despite the advantageous array positioning, the linear array 
imaging is not able to detect the increase in crack length clearly at 20000 cycles due to coherent 
noise and blurring due to the finite point spread function.   
     
 
Figure 2.6. Micrographs of the fatigue crack at (a) 5000, (b) 15000, and (c) 20000 cycles. Note that the scale is 
different in each image. 
 
Figures 2.7(a) and (b) show that the maximum nonlinearity at each early fatigue step increases 
with crack growth from 5000 cycles to 40000 cycles, which is consistent with the results in section 
2.4.1. It can be seen that the crack tip became detectable from 15% of its fatigue life (20000 cycles). 
Here detectability was defined as the first measurement with a lower error bar that exceeded the 
upper error bar of the zero-load condition. From figure 2.7(a) this detection limit can be seen to 
correspond to a crack length of between 200-250 m. It is also worth noting that nearly the whole 
of figure 2.7 is below the commonly quoted half-wavelength limit for linear detectability (i.e. 
600 m in this case). 
 





Figure 2.7. Maximum nonlinear metric γ during fatigue as a function of (a) crack length and (b) number of 
fatigue cycles (error bars represent an averaged standard deviation). 
 
2.4.3 Sizing analysis  
 
Though not diffraction limited in the classical sense, subwavelength geometric features cannot 
be resolved directly in a nonlinear image.  For such features the image produced is that of the 
associated point spread function for the technique. The existence of the point spread function 
should arise from parallel and sequential focusing of long excitation pulses. For this very early 
stage crack growth, crack size may only be inferred from the amplitude of nonlinear response, as 
demonstrated in the previous section.  As crack length increases beyond the order of half a 
wavelength, the region of nonlinear contrast within the image increases in size, allowing for direct 
sizing of defects from nonlinear images. 
This section investigates the sizing of small cracks which corresponded here to loading from 
between 40000 and 100000 cycles. Figures 2.8(a-d) show the nonlinear images in this loading 
range at increments of 20000 cycles.  Noticeably, the maximum magnitude of the nonlinear metric 
increases almost linearly with crack growth from 40000 cycles to 100000 cycles (as shown in 
figures 2.9(a) and (b)). 
The position of peak nonlinear amplitude and the actual crack tip location as measured from 
micrographs are indicated in figure 2.8 as red and black crosses respectively.  The location of 
highest nonlinearity is consistently at approximately 1 mm below the actual crack tip. This is not 




necessarily indicative of the location of maximum nonlinear response.  When focusing at the crack 
tip, less of the crack lies under the footprint of the focal region (see figure 2.10), reducing the 
measured nonlinear response.  Aside from this offset, the location of peak nonlinearity is seen to 
correspond very closely with the actual crack tip location measured from surface micrographs, as 
is shown in figure 2.9(c). 
 
 
Figure 2.8. Nonlinear images in nonlinear metric γ at (a) 40000, (b) 60000, (c) 80000, and (d) 100000 cycles.  
Note that the red cross and black cross represent positions of the highest γ and the micrographically measured crack 
tip respectively. 
 





Figure 2.9. Maximum nonlinear metric γ during fatigue as a function of (a) actual crack length and (b) number 
of fatigue cycles. (c) Measured crack length from the NUI image (notch end to position of maximum nonlinear 















The experimental results presented show that monitoring fatigue crack growth in mild steel 
using the NUI technique was effective from 15% fatigue life. The NUI technique was performed 
using a commercially available array and array controller. The same instrumentation was also used 
to simultaneously produce traditional high resolution linear TFM images. These linear images did 
not reveal any detectable changes throughout their fatigue life at the same inspection position. The 
amplitude of nonlinearity was shown to be a measure of progress of the very early stages of fatigue 
crack growth. The experiments showed that statistically significant amplitude increases were 
measurable for cracks of 250 m length and greater. As crack growth continued the location of 
maximum nonlinearity was used to measure the extent of the cracking. For these larger cracks the 
NUI technique becomes a form of nonlinear imaging, mapping out the extent of a given crack. As 
the same phased array system (including an array probe connected to a controller) is used at the 
identical inspection point, linear and nonlinear images can be produced simultaneously, and these 
contain complementary information. The linear images will reveal essentially geometric 
information from sample boundaries and large defects, whereas the NUI images will reveal 
nonlinear features such as partially-closed cracks and crack tips. The NUI results were obtained 
with the array positioned directly above the crack, an orientation that typically results in poor linear 
imaging as the signals reflected directly from the crack tip are small.  It has been noted however 
that the orientation used in NUI is beneficial as it reduces access limits relative to traditional linear 
array imaging (which would typically be performed as an angle inspection). The NUI technique 
therefore both improves sensitivity and reduces access limitations making it a viable prospect for 
in-situ or permanent fatigue monitoring of, for example, pipework or pressure vessel welds.  
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CHAPTER 3-OPTIMISATION OF NONLINEAR ULTRASONIC 
DIFFUSE ENERGY IMAGING 
3.1 Introduction 
The previous chapter demonstrates the performance of nonlinear ultrasonic diffuse energy 
imaging (NUI) on monitoring fatigue crack growth in mild steel. The results suggest that the crack 
can be detected from 15 % of its fatigue life and the technique was able to identify its size 
quantitatively. However, the parameters used in NUI (i.e., the reception bandwidth used in post-
processing, gate start time, tr and window length, T) were empirically determined by examining 
the technique on well-studied samples (i.e. the existence of a defect is known). In different 
industrial applications, the optimum parameters will vary on a case-by-case basis, predominantly 
depending on material properties, specimen geometry, boundary condition and instrumentation 
noise. In addition, volumetric defects, such as voids or inclusions, necessitate detection with a 
more sophisticated three-dimensional imaging method, in order to improve inspection efficacy and 
efficiency. Therefore, this chapter will describe a suite of parametric studies for optimising NUI 
in terms of its performance as well as methods for characterising a diffuse field and realising in 
three-dimensional imaging which will extend the practical applicability to different structures.  
3.2 Key parameter study 
In this section, four of the most important parameters: (1) aperture size of ultrasonic array, (2) 
data averaging in sequential transmission, (3) reception bandwidth and (4) centre frequency used 
in post-processing, were studied by changing one variable independently and examining its 
corresponding imaging performance with the proposed metric. The same experimental 
configuration as illustrated in figure 3.1 was used in this study. The core objective was to facilitate 
the appreciation of these parameters according to their signal-to-noise performance and design a 
strategy to choose the optimum parameters on a case-by-case basis.  





Figure 3.1.  Schematic diagram of NUI measurement configuration on aluminium specimen subjected 
to fatigue tensile test (dimensions in mm). 
 
The size of an aperture (middle subset of all the array elements as presented in figure 3.1) 
strongly affects the performance of the NUI method, so that an adequate size is particularly 
important for each practical application. Here an adaptive method is used to examine the aperture 
size required for different targets (e.g. a fatigue crack as shown in figure 3.1). Metrics used to 
assess the proposed method will be compared and discussed.  
Data averaging is defined here as a repeat process of signal transmission and capture following 
by averaging over a number of repetitions. The number of averages (known as repetitions) delivers 
the suppression of incoherent noise. The incoherent noise is caused by many factors such as 
coupling conditions and electrical random noise from the instrument. However, averaging can 
reduce their amplitude level by a factor of 1/√𝑁 (equivalent to 1/𝑁 in energy), where N is the 
number of averages taken (i.e. number of firings in NUI). Sequential transmission is influenced 
more significantly by this noise due to the small amplitude of the emitted signal (i.e. only one 
element emits at a time). In parallel transmission multiple elements are fired and so the amplitude 
of the waves in the sample are larger (than for the sequential case) and hence less averaging is 
needed to obtain the same signal-to-noise-ratio. 
To minimise the effect of incoherent noise, the other alternative is to apply different reception 
gains to sequential and parallel captures (a higher gain at sequential reception), so that the intensity 
of received amplitudes are matched (as shown in figure 3.2(a)), which means the contribution of 
random noise is approximately the same. Finally, the sequential data are normalised by applying 
the same reception gain used in parallel capture to obtain the actual energy (as presented in figure 




3.2(b)).  Since the number of firings in one parallel transmission cycle is N times higher than that 
in single sequential transmission cycle and the diffuse wave field arises from superposition of 
uncorrelated waveforms, the parallel diffuse field will have the root mean square (RMS) amplitude 
√𝑁  times higher than the sequential, which would suggest a theoretical relative increase in 
reception gain of 18 dB for sequential captures of a 64-element array. But, this gain is not as 
reliable as the averaging, although it is much less time consuming as a consequence of less captures 
required. Specifically, errors (up to 3 dB) have been found to be present when the gain strategy is 
adopted and all the incoherent noise has to appear after the gain stage of the signal chain [Potter 
and Croxford, 2018]. 
 
 
Figure 3.2. (a) Example time traces of parallel data (in blue line) and sequential data (in red line), and 
(b) example time traces of the same parallel data (in blue line) and the normalised sequential data (in red 
line). 
 
Further, investigations into the post-processing filter used in NUI (as described in Chapter 1) 
will now be presented. The comprehensive studies on its bandwidth and centre frequency were 
conducted by evaluating the signal-to-noise performance with the proposed metric (signal-to-noise 
ratio for NUI). Again, these two parameters are chosen to effectively measure the remaining waves 
at the fundamental frequency by minimising the contributions from internal movement of energy 
within the evaluated bandwidth. Whilst a bandwidth with the size (no less than two-thirds of centre 
frequency) and a nominal transmission centre frequency can be applied to the filter, their optimum 
sizes are required to be estimated by a systematic method because the actual characteristics of 
transmitted waveforms differ from the nominal ones over time and a compromise between the 




largest size of fundamental bandwidth and the smallest contributions from side transmission bands 
necessitates a judgement to be made, depending on many potential factors such as the asymmetric 
shape of measured transmit-receive frequency spectrum, properties of the bulk materials, 
characteristics of nonlinear defects and nonlinear metrics. 
 
3.2.1 Experimental setup 
 
All these studies will be conducted with the compact tension (CT) specimen, which was made 
of Aluminium Al2014 and was designed to generate high cycle fatigue cracks (manufactured and 
loaded by Dr. Liaptsis from UNDT group at University of Bristol) [Liaptsis, 2008]. It was 
subjected to cyclic loading from 0.5 kN to 6 kN for 75000 loading cycles and the measured crack 
length was 15 mm finally (as presented in figure 3.1). All the inspections were performed with a 
64 element ultrasonic array (Imasonic, France) with nominal centre frequency of 5 MHz, (-6 dB 
bandwidth 86% of the centre frequency), and pitch of 0.63 mm, as well as a commercial array 
controller (Peak NDT Micropulse FMC, UK).  The standard parameters for the NUI method were 
implemented constantly as follows: window length, T of 0.12 ms, reception start time, tr, at 0.1 ms, 
focused capture number of 64, sampling bit rate, of 16, sampling frequency, at 25 MHz, pulse 
width, of 100 ns, reception gain at 25 dB and pulse repetition frequency, at 500 Hz. Two mini 
clamps (Wilko, UK) were applied to keep the array probe in firm contact with the specimen 
consistently. In addition, the centre of probe was aligned to the centre of the specimen surface (i.e. 
right above the fatigue crack).  
 
3.2.2 Array aperture and data averaging 
 
An imaging performance indicator is important in order to explore the effect of parameters on 
the performance of the nonlinear metric. The signal-to-noise ratio implemented in a linear phased 
array imaging technique may use the ratio of the target reflection amplitude to the average of the 
background noise level in the image [Holmes et al., 2005]. In traditional linear imaging, 
background noise arises from the coherent noise (time invariant interference with, for example, 
the grain scattering and the scattering from different wave modes) and the incoherent noise (any 




time varying random process). For conventional linear or nonlinear imaging based on the recorded 
amplitude of a scattered wave, incoherent and coherent noise appears directly as noise within the 
image space. However, because the evaluated quantity in NUI is normalised relative statistical 
energy, the background noise should be defined differently. The measurable difference, arising 
from inequivalent contribution of relative noise for parallel and sequential focusing, has an offset 
in the resulting nonlinear image (as shown in figure 3.3) [Potter and Croxford, 2018]. Therefore, 
the root-mean-square value of the nonlinear metrics rather than the average of absolute value is 
preferred to measure the background noise as the sign has no real meaning. 
 
 
Figure 3.3. An example nonlinear diffuse energy image in nonlinear metric, γ. 
  
The signal in signal-to-noise ratio (SNR) is defined as the peak nonlinear metric in the estimated 
target region and the noise is calculated from different sections of its surrounding pixels (as 
illustrated in figure 3.3). Notably, taking the peak nonlinear value from the cracked region allows 
the closest approximation to the measurement of a point-like nonlinear defect (the crack tip in this 
case). The black box in figure 3.3 indicates the cracked region in the well-known sample, however 
the peak nonlinear value in the whole image is thought to be selected for an unknown sample, 
which generally corresponds to the cracked region in a damaged structure. Further, four different 
signal-to-noise ratios, are proposed to evaluate the background noise level in a NUI image. The 
red and white lines in figure 3.3 are used to define different background noise, which are thought 
to cover different noise region in the nonlinear image. An example nonlinear image (as presented 
in figure 3.3), from which it can be seen that a discrete nonlinear elastic feature provides a 




nonlinearity much higher than the surrounding bulk material in nonlinear metric γ, is used to 
schematically explain definitions of the signal and the noise in SNRs as follows in table 3.1: 
 








the crack tip 
 
RMS value of the overall 
surrounding pixels (the entire 
undamaged region outside the black 
box) 
SNRmax Peak value of the pixels on the red 
line 
SNRline RMS value of the pixels on the red 
line 
SNRpart RMS value of the pixels between 
the red line and the white line 
Table 3.1. The definitions of signal and noise in each SNR. 
 
Through generating a series of nonlinear images with different groups of array transmitters the 
sensitivity of aperture size can be examined. Their transmissions are achieved by electronically 
controlling the number of array elements, which are symmetric about the centre of the array, and 
their receptions keep consistent with the full capture mode (involving all the array elements in data 
capture).  
The SNRall, SNRmax, SNRline and SNRpart measure the signal-to-noise performance with 
different selections of background noise. By examining the four different SNRs with changing 
aperture size and number of averages their significance can be evaluated comprehensively. Again, 
the averaging is only applied to the sequential transmission by capturing N sets of sequential data 
(N is the number of firings per parallel transmission cycle), for the sake of matched contribution 
from incoherent noise between parallel and sequential focusing. The aperture size was varied from 
1 to 64. It was found experimentally that nonlinear metric, γ, regardless of the averaging was 
dominated significantly by the baseline of incoherent noise for under 8-elements because number 
of firings per parallel transmission cycle (i.e. number of averages in sequential transmission when 




the averaging is applied) is too small to generate signals above the noise floor. Therefore, noise 
suppression through averaging will have significance on this study only if the aperture size is 
adequate (e.g. not less than 8 here). 
 
 
Figure 3.4. The background noise in nonlinear metric, γ, used in (a) SNRall, (b) SNRmax, (c) SNRline 
and (d) SNRpart. 
 
The background noise used in SNRall, SNRmax, SNRline and SNRpart (representing overall noise, 
peak noise, linear noise and sectional noise sequentially) is first plotted against the aperture size 
(from 8 to 64) respectively in figures 3.4(a-d). The experimental results in figures 3.4(a-d) suggest 
that the noise after averaging (in blue lines) decreases with the aperture size and generally 
converges to 0.005 (except for the peak noise used in SNRmax) from the aperture size of 30. Again, 
the number of sequential averages, N, was equal to the number of firings in single cycle of parallel 
transmission, thereby matching the contribution from incoherent noise. Nevertheless, the noise 
without averaging in figures 3.4(a-d) behaves relatively constant with increasing aperture size. 
From figures 3.4(a-d), the change in ratio of noise with and without averaging in γ (roughly from 




0.9 to 0.5) with increasing aperture size (equal to N from 8 to 64) implies close trend with the 
proposed optimum factor of 1/𝑁 (from 0.125 to 0.0156). 
Note that the blue line indicates baseline noise from a nonlinear image with N sequential 
averages and the black line reflects the additional incoherent noise on top of the baseline noise due 
to no averaging performed at sequential transmission. In addition, the sequential averaging is 
thought to suppress the incoherent noise by the same level as the parallel focusing achieves. 
Therefore, the difference between blue and black lines provides an indication of the relative 
incoherent noise level between parallel and sequential focusing with the same reception gain. It 
should be noted that only the overall noise in figure 3.4(a) always increases gradually in the same 
manner as the theoretical perspective that the larger aperture size will reduce the relative incoherent 
noise between parallel and sequential focusing by higher factor (i.e. a symmetric relationship 
between the blue line and the black line is expected to be seen in figures 3.4(a-d)). As the 
symmetric relationship between the unaveraged background noise in the nonlinear metric and the 
averaged one is only observed from the overall noise as illustrated in figure 3.4(a) the following 
nonlinear imaging performance study will merely examine the SNRall as the most representative 
SNR.  
Furthermore, the contribution of the relative incoherent noise between the averaged noise in the 
nonlinear metric and the unaveraged increases with the aperture size (see figure 3.5(a)). This 
exhibits good agreement with a model of theoretical incoherent noise contribution against aperture 
size [Potter and Croxford, 2018]. This model states that the theoretical incoherent noise 
contribution to the imaging metric γ can be expressed as a function of N and ϵ, where ϵ denotes a 
proportion of noise to the acoustic energy of a single sequential response. In addition, this 
relationship indicates that value of the theoretical incoherent noise contribution (i.e. relative 
incoherent noise between the averaged noise in nonlinear metric and the unaveraged) increases 
with aperture size. 
 





Figure 3.5. (a) The relative noise in nonlinear metric, γ and (b) the signal of SNRall in nonlinear 
metric, γ. 
 
Again, the signal used in SNRall is calculated by taking the peak value from the specified region 
around the crack tip in corresponding nonlinear image with different aperture size and then plotted 
in figure 3.5(b). In addition, the blue and black lines in figure 3.5(b) indicate the signals in 
nonlinear metric with and without averaging in sequential transmission respectively. Their results 
suggest that sensitivity to the crack tip generally increases with the aperture size regardless of the 
averaging due to more total transmitted energy focused at the crack tip, however, the signal without 
averaging is notably larger than the one with averaging due to the superposition of their 
background noise and signal.  
 
 





Figure 3.6. (a) The signal-to-noise difference, SND, in nonlinear metric γ, and (b) the signal-to-noise 
ratio, SNRall.  
 
The Signal-to-noise difference in nonlinear metric is initially examined by subtracting the 
corresponding overall noise from the signal. Its result as illustrated in figure 3.6(a) suggests that 
contributions of background noise as a proportion to its corresponding signal is always negligible 
because the trend is similar to that in figure 3.5(b). However, the relationship between SNRall and 
aperture size (see figure 3.6 (b)) indicates that the background noise can be suppressed by greater 
percentage with increasing aperture size if the averaging is applied and the results displayed in 
figure 3.5(b) are compared. Consequently, the signal-to-noise performance can be improved 
significantly by taking averages in sequential transmission especially with a large aperture size.  
 
3.2.3 Reception bandwidth and centre frequency 
 
In post-processing as described in Section 2.2, reception bandwidth and centre frequency 
determine the imaging performance by balancing suppression of contributions from side 
transmission bands against maximisation of effective fundamental bandwidth, as a consequence 
of spectral leakage. Therefore, the SNRall as the most promising indicator of imaging performance 
will be examined in this section. The generic strategy is to map SNRall by post-processing the same 
parallel and sequential data and changing reception bandwidth and centre frequency in post-
processing. Eventually, the map can be used to select the optimum reception band by locating the 




highest SNRall and this methodology is particularly useful in practice because of variations in the 
characteristics of the ultrasonic transducers, properties of materials and types of nonlinear defects 
and nonlinear metrics. For the experiment, the same aluminium sample was used to be inspected 
by the NUI technique and provide a set of sequential and parallel data (used for producing figure 
3.7) in order to implement this bandwidth and centre frequency study.  
 
 
Figure 3.7. Map of SNRall with respect to the bandwidth (Hz) and the centre frequency (Hz). 
 
From figure 3.7, it is found that the smaller bandwidth at any fundamental centre frequency 
between 4.8 MHz and 7 MHz always leads to the higher SNRall due to the smaller contributions 
from side transmission bands when the transmit-receive spectrum of this array specified by the 
manufacturer in figure 3.8 is considered. Hence, the opposite relationship should be expected from 
the results with the centre frequencies smaller than 4.8 MHz because of the higher contributions 
from their superharmonics (i.e. their frequency responses at lower frequencies are close to or less 
than those at their superharmonics). Furthermore, the higher centre frequency within the 
transmission band (e.g. 7 MHz) contributes to a higher SNRall, which should be attributed to lower 
contributions from transmit-receive spectrum at corresponding superharmonic frequencies 




presented in figure 3.8 (i.e. the frequency responses at their superharmonics become negligible 
compared with themselves). In addition, a smaller wavelength as a consequence of higher centre 
frequency yields higher sensitivity to partially closed cracks. However, the highest SNRall (equal 
to 6.824) appeared when the centre frequency is at 7.4 MHz and the bandwidth is 0.2 MHz (see 
figure 3.9 with the smaller range of effective bandwidth and the larger range of effective centre 
frequencies due to the upper limit equal to 12.5 MHz, half of sampling frequency) because the 
frequency response from 7.4 MHz drops to -6 dB (as shown in figure 3.8), which is considered to 
become too small in amplitude, and the subharmonic components within the transmission band 
has more contributions than its fundamental loss. Likewise, the lowest SNRall (equal to 1.901) is 
seen with the centre frequency at 4 MHz and the bandwidth of 1 MHz due to significantly higher 
amplitude in superharmonic components. The corresponding NUI images with the lowest and the 
highest SNRall are shown in figures 3.10 and 3.11 respectively, and then can be compared with the 
image using the standard band (bandwidth of 3.4 MHz and centre frequency of 5 MHz) in figure 
3.12 in the same dynamic range. The NUI results suggest that a combination of higher centre 
frequency and lower bandwidth within thresholds can reduce the background noise by great 
amount (approximately 0.005 in nonlinear metric γ) in contrast to the imaging result with the 
standard band. Furthermore, it improved the signal from the cracks by 0.0071 in γ. 
 
 
Figure 3.8. Transmit-receive spectrum specified by manufacturer (dB) against frequency (Hz). 





Figure 3.9. Map of SNRall with respect to the bandwidth (Hz) and the centre frequency (Hz). 
 
Figure 3.10. A nonlinear diffuse energy image with lowest SNRall in nonlinear metric, γ. 
 
Figure 3.11. A nonlinear diffuse energy image with highest SNRall in nonlinear metric, γ. 









In order to quantify the NUI performance, the unique signal-to-noise ratio, SNRall is used to 
examine the effect of aperture size, data averaging, reception bandwidth and centre frequency. The 
results suggest that the selectivity of the crack tip increases with the aperture size as a consequence 
of stronger physical focusing at the crack tip. Whilst the signal without averaging is notably larger 
than the one with averaging the background noise can be suppressed significantly with increasing 
aperture size if the averaging is applied. Consequently, the NUI performance can be enhanced by 
taking averages in sequential transmission particularly with large aperture size. 
Reception bandwidth and centre frequency in post-processing are found to predominantly 
determine the imaging performance. The generic approach is to map SNRall by examining single 
set of parallel and sequential data with different combinations of reception bandwidth and centre 
frequency. The results suggest that the smaller bandwidth gives rise to the higher SNRall at any 
centre frequency between 4.8 MHz and 7.8 MHz. Furthermore, the value of SNRall increases until 
the centre frequency increases to 7.8 MHz. The NUI results corresponding to the highest and the 
lowest SNRall values seen on the map suggest that the higher centre frequency associated with the 
smaller bandwidth can enhance the SNRall by significantly reducing the background noise.   




3.3 Measurement and prediction of a diffuse wave field using a phased array 
The prediction of the diffuse field is particularly important for NUI. If an idealised diffuse field 
is assumed the total transmitted energy is uniformly distributed throughout the structure [Evans 
and Cawley, 1999]. Therefore, the change in characteristics of wave energy due to the target 
nonlinear source can be measured subsequently at any point of the structure in diffuse field. 
However, the practical measurement of energy in diffuse field necessitates a compromise between 
the degree of diffuseness and SNR because of two competing effects. First, the acoustic field only 
slowly tends to the diffuse field state over time. Second, as wave propagation in real structures is 
dissipative and the acoustic energy is converted to other forms the SNR will decrease with time. 
Ultimately, compromising values of gate start time tr and window length T used in NUI must be 
found such that an adequately diffuse field condition is realised and the amplitude is measurable, 
i.e. the SNR is sufficient. From this discussion it is apparent that the requirements are to maximise 
the transmitted amplitude, A and predict the earliest point at which the field can be approximated 
as a diffuse field state (i.e. the smallest value of tr).  
The acoustic source implemented throughout the experiments was the same ultrasonic phased 
array and the standard settings used in Subsection 3.2.1 were applied to the same array controller. 
A specimen made of the same materials (Aluminium 2014) was manufactured with the same 
geometry as the specimen used in Section 3.2 as illustrated in figure 3.1, in order to perform 
experimental confirmation of diffuse field generation as well as compare the experimental results 
with those output from numerical models. It should be noted that this undamaged sample facilitates 
simplicity and accuracy of the comparative study because diffuse-field theory predominantly relies 
on specimen geometry and properties of boundary and materials [Hodgson, 1996]. Furthermore, 
the predicted diffuse field can be directly related to the application on the cracked one. 
Three different metrics used for diffuse field verification will be proposed and examined on 
analytical, experimental and numerical data. More specifically, the first two metrics evaluate the 
statistical variation in energy received simultaneously at different location, and the third metric 
measures the phase coherence of signals fired independently by two neighbouring transmitters. 
The analytical model is simulated random noise, which is thought to provide a representation of 
idealised diffuse state. The experiment was designed to measure and predict the formation of a 
diffuse field in a real structure. Last, the finite element model was created to emulate the wave 




propagation in the experiment as much as possible. The metrics will be compared in terms of 
reliability and limitations and then their applications on diffuse-field-dependent ultrasonic 
techniques using a phased array will be discussed.  
 
3.3.1 Methods for verifying a diffuse field 
 
Previous studies have concluded that the measured envelope area extracted from the signal 
envelopes can be indicative of the signal amplitude such that estimating whether a field is diffuse 
is then simply a case of mapping the variation of the envelop area across the surface of the structure 
[Evans and Cawley, 1999].  However, the technique was limited to measurement errors from 
repositioning the receiver because simultaneous sampling at a large number of positions were not 
realisable. With technological development, a phased array system that consists of multiple 
electronically controlled channels potentially enables the whole process to be completed without 
those limitations. Hence, it is advantageous to exploit its capability on diffuse field verification 
and ultimately integrate the measurement of diffuse field with those relevant NDT techniques 
using a phased array. 
 
Figure 3.13. An example time trace of simulated incoherent noise for schematically illustrating the 
selection of windowed energy (with a window size, T) and the maximum energy in arbitrary units. 
The acoustic source used throughout the experimental work was the same ultrasonic phased 
array used in Subsection 3.2.1. The full matrix capture (known as sequential transmission) was 




employed for completely utilising the array transmitters at as many locations as possible so that 
the diffusivity (i.e. the extent to which the field becomes truly diffuse) relative to the source 
locations can be taken into account. Although works [Evans  and Cawley, 1999] reported that the 
envelope area measurement was favoured over maximum amplitude both will be examined more 
comprehensively and compared here. In addition, it is thought to evaluate spatial variations in 
energy rather than amplitude, which is attributed to the definition of a diffuse field. Last but not 
least, the energy area by calculating the integral of energy over the window (as illustrated in figure 
3.13) and the maximum energy in the window are used in the first two metrics (ηarea and ηmax) 
respectively. Assuming fn,m(t) are the FMC time-domain received signals for each combination of 
transmit (n) and receive (m) elements in sizes of Nn and Nm  respectively the metric for evaluating 
variations in energy area of windowed signals, ηarea, can be expressed as: 
 















.                                           (3.1) 
where 𝜎 denotes the standard deviation. Further, given that the maximum amplitude in each 
window of FMC signals is denoted as 𝑓𝑛,𝑚
𝑚𝑎𝑥 the metric for evaluating variations in maximum 
energy, ηmax can be expressed as: 
 











.                                                        (3.2) 
 
Here, the above metrics were implemented to measure the normalised standard deviations of 
energy integrals and maximum energy respectively from the same time traces received by 64 
elements. Note that the selection of transmitters will be discussed in Subsection 3.3.3 and the 
window length, T, was thought to be 0.12 ms, the empirical value used in NUI as stated in 
Subsection 3.2.1. Finally, their averaged value (termed ηarea and ηmax) were plotted against gate 
start time, tr, in order to represent the degree of diffuseness with corresponding wave energy at 
different times. Previous experimental results state that the initial reflected signals account for 
most of the variation and it necessitates a delay to allow the energy to be evenly distributed [Evans 




and Cawley, 1999] and [Weaver, 1985]. Therefore, these two metrics should be expected to 
converge to a lower value with increasing tr.  
The other method was developed by considering the change in phase coherence evolved from 
coherent field to diffuse field. In diffuse field, all the signals could be expected to behave like 
white noise (i.e. the waves at different locations are uncorrelated to each other) [Evans and Cawley, 
1999]. Furthermore, selection of the most representative wave sources to examine their relative 
phase coherence significantly determines the effectiveness of this method. This is because two 
neighbouring transmitters in an array are preferred over two transmitters far away from each other 
in terms of the similarity of their received signals in the same time window in a coherently scattered 
field. Therefore, the summation of their windowed signals fired independently by two 
neighbouring transmitters and received by all the elements in an array is approximate to twice of 
the either one in a coherently reflected field. However, the distribution of the reflected wave field 
is independent of the incident angle (i.e. random in amplitude and direction) in real structures, 
whereby the boundaries and the grains are diffuse reflectors. Hence, a diffuse field will be 
generated over time and the arrival of diffuse field can be indicated by evaluating the averaged 
change in phase coherence between propagating waves transmitted by all the combinations of two 
neighbouring elements and received by all the elements in a phased array. 
 Once the propagating waves from two neighbouring sources become uncorrelated in diffuse 
field, their summation is approximate to √2 times of each signals which can be attributed to 
random waveform combinations (= √𝑛𝐴) where n denotes number of component waveforms and 
A refers to amplitude of component waveform). A compensation factor of 2 is applied to the 
individual waveform, whereby the ratio of the individual amplified waveform to the resultant 
waveform in energy should be in a range of from 0.5 to 1 (suggest an evolution from coherent 
wave field to diffuse wave field). The metric is finally averaged from all the pairs of neighbouring 
transmission elements. As a consequence of calculating the windowed energy extracted from the 
same signals used in estimating ηarea and ηmax, the metric for evaluating the degree of their phase 
coherence, ηphase, may be written as follows: 
 
                            𝑝ℎ𝑎𝑠𝑒 = ∑
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3.3.2 Experimental generation of an evolution from coherent field to diffuse field 
 
The array probe was positioned at the centre of top surface (the same layout as the one used in 
figure 3.1). As the incoherent noise has a significant effect on decayed signals in diffuse field and 
its contribution increases with time the reception gain should be altered to ensure the received 
amplitude from each set of captured data is always at the equivalently high level. The window 
length, T, for each FMC was set as 0.06 ms (half of the standard NUI window length used in 
Subsection 3.2.1), so as to frequently select the optimum reception gain corresponding to different 
gate start time, tr. Further, the initial gate start time was chosen to 0.005 ms after which the 
crosstalk was no longer present and the first coherent reflections from boundaries start to emerge. 
It should be noted that the reception gains (used for maintaining the same contribution of 
incoherent noise as described in Section 3.2) were determined by finding the maximum received 
amplitude in each window close to 1 (the saturated value of the array controller). Then, twelve sets 
of FMC time traces were acquired sequentially with the parameters listed in table 3.2 and all the 
signals were normalised subsequently to 23 dB, used in the first capture. Note that the last set was 
indicated by capturing with the highest instrumental reception gain, 70 dB. Consequently, all the 
time traces stitched together to form one resulting set of FMC time traces from 0.005 ms to 0.85 ms. 
An example time trace from a pair of neighbouring transmitters (elements 1 and 2) are presented 
in figure 3.14 and early time traces transmitted by element 1 and received by all the elements from 
0.005 ms to 0.02 ms in dB scale are illustrated in figure 3.15. In addition, the longitudinal bulk 
wave and the surface wave can be confirmed by measuring their wave speed as approximately 
















amplitude (arb. units) 
0.005 23 0.991 
0.03 35 0.997 
0.09 46 0.986 
0.15 49 0.969 
0.21 55 0.990 
0.27 55 0.995 
0.33 59 0.996 
0.39 61 0.993 
0.45 64 0.945 
0.51 66 0.959 
0.57 67 0.973 
0.63 68 0.920 
0.69 70 0.995 
Table 3.2. The gate start time, reception gain and maximum amplitude corresponding to 
twelve sets of FMC time traces. 
 
Figure 3.14. An example time trace from a pair of neighbouring transmitters (elements 1 and 
2). 





Figure 3.15. Early time traces transmitted by element 1 and received by all the elements from 0.005 
ms to 0.02 ms in dB scale. 
 
3.3.3 Numerical model of the wave field 
 
Whilst all the commercially available finite element (FE) packages are limited in their ability 
to model diffuse reflectors in real structures the decayed wave propagation in a coherent field after 
intensive specular reflections and mode conversions can be simulated by the FE analysis, thereby 
examining the metrics on the simulated signals to understand the significance of their values 
especially in an early coherent field. Therefore, a FE model of the undamaged aluminium specimen 
with the same dimensions as displayed in figure 3.1 was built by using the FE package 
(ABAQUS/CAE 6.14-1). Specifically, the same arrangements (as illustrated in figure 3.16) and 
material properties (listed in table 3.3) as well as the approximated forced excitation at each 
transmitter using 5-cycle tone burst signals (generated from 5-cycle gaussian windowed sine wave 










Material Aluminium 2014 
Young’s Modulus 73 GPa 
Density 2800 kg/m3 
Poisson’s ratio 0.33 
Table 3.3. Material properties of aluminium 2014. 
 
The model was simplified to two-dimensional plane strain geometry excited with left half of 
the array, due to the negligible element width in contrast to its length and the symmetric layout 
about the middle on top surface of the specimen. In addition, only three pairs of neighbouring 
transmitters at left, middle and right sides of the left-half array elements (the most representative 
ones to measure the diffuse field spatially) were selected as elements 1, 2, 16, 17, 31 and 32 (as 
illustrated in figure 3.16) in this FE model due to high computational cost per firing. At the 
reception, all the 64 elements were required for capturing the time traces from 0.005 ms to 0.85 
ms (the same range as mentioned in Subsection 3.3.2), termed  𝑓𝑛,𝑚
𝐹 (𝑡) . The size of used 
quadrilateral-shaped element was determined on the basis of 20 nodes per wavelength (equal to 
0.063 mm), which delivered sufficient accuracy for this numerical analysis. The enhanced 
hourglass and distortion control were employed in order to remove the effect of continuous 
residual vibrations at the wave source and the low frequency components. However, it was found 
that surface waves existed in the initial coherent wave field in the measured signals, which can be 
observed from example time traces transmitted by element 1 and received by all the elements from 
0.005 ms to 0.02 ms (as shown in figure 3.17). In addition, the time traces fired by elements 1 and 
2, and captured by all 64 elements are displayed in figure 3.18, which demonstrate that the initial 
surface waves propagating until 0.016 ms are overwhelmingly strong compared to the propagating 
bulk waves, but then they attenuate due to long lateral surface and mode conversions along with 
propagation. In practice, it is realised that the coupling and the excitation mode between the array 
elements (wave sources) and the structure can suppress the intensity of surface waves. Again, lack 
of diffuse reflectors such as boundaries and grains in the FE model leads to negligible change in 
phase coherence between the signals fired by two neighbouring transmitters over time. 
 





Figure 3.16. Schematic diagram of a 2D FE model. 
 
Figure 3.17. Example time traces transmitted by element 1 and received by all the elements from 
0.005 ms to 0.02 ms. 
 
Figure 3.18. Time trace fired by elements 1 and 2, and captured by all 64 elements. 
 




3.3.4 Analytical generation of a diffuse field 
 
Since the behaviour of propagating waves in perfectly diffuse state is random, similar to that of 
white noise it is worth examining the proposed metrics on simulated random signals. This should 
deliver a benchmark for an idealised diffuse field, such that the evaluated experimental and 
numerical results can be better appreciated. 
As illustrated in figure 3.19(a), the white noise, termed 𝑓𝑛,𝑚
𝑊 (𝑡), can be simulated by generating 
uniformly distributed random variables within specified interval (from -0.4 to 0.4) using a standard 
programming language (MALTLAB R2016a) because incoherent signal is a zero-mean random 
process. In addition, the decay rate was extracted by fitting a two-term exponential model 
(𝑦𝑛,𝑚(𝑡) = 𝑜1𝑒
𝑏𝑡 + 𝑜2𝑒
𝑑𝑡, where 𝑜1 and 𝑜2 are amplitude factors, b and d are decay coefficients) 
to the stitched experimental FMC data set (an example time trace is displayed in figure 3.19(b)). 
These coefficients were calculated by using the ‘Fit’ function and specifying its type as ‘exp2’ in 
MATLAB software. Note that the two-term exponential model rather than a one-term model was 
selected due to better approximation of multi-mode wave decay. The simulated random signals in 
the same size of FMC data were multiplied by the corresponding exponential fits, yn,m(t) to obtain 
the decayed white noise, denoted as 𝑓𝑛,𝑚
𝑊 (𝑡), whereby the effect of attenuation in wave propagation 
on the proposed metrics can be quantified.  
 
 
Figure 3.19. (a) Simulated white noise, 𝑓𝑛,𝑚
𝑊 (𝑡) against time and (b) an example time trace including 
the exponential fit. 
 




3.3.5 Methodology to predict a diffuse field using proposed metrics 
 
The data obtained from experiments, FE and analytical simulations are now analysed with three 
proposed metrics, thereby delivering a systematic methodology for diffuse field prediction on any 
structure. In most of the ultrasonic applications, the fundamental frequency band is examined 
hence the wave propagation at the fundamental frequency in diffuse state is critical to these 
techniques. As a consequence, the metrics should assess the diffusivity of wave components 
particularly at the fundamental frequencies, which can be accomplished by introducing a gaussian 
windowed filter in post-processing. 
Specifically, the experimental FMC signals, fn,m(t), the decayed white noise, 𝑓𝑛,𝑚
𝑊 (𝑡), the white 
noise, 𝑓𝑛,𝑚
𝑊 (𝑡) and the FE signals, 𝑓𝑛,𝑚
𝐹 (𝑡) were selectively processed by a gaussian windowed 
filter and then examined by three different metrics (ηarea, ηmax and ηphase),in order to predict a 
diffuse field (as illustrated in figure 3.20). The metrics were plotted against the gate start time, tr, 
from 0.005 ms to 0.85 ms (this range was indicated by limits of hardware reception gain). In 
addition, the window length, T, was initially selected as 0.12 ms as a consequence of the standard 
parameter used in NUI. Therefore, the outcome of this process will help determine the earliest 
approach of the diffuse field as well as understand the underlying physics behind the formation of 






























                      Figure 3.20. Flow chart of methodology for diffuse field verification. 
 
First, the relationship between metric, ηarea, and gate start time, tr, is displayed in figure 3.21. 
This figures indicates the variations in windowed energy, which were post-processed from 






𝜔0 was selectively implemented to those data prior to evaluations through proposed metrics. The 
results in figures 3.21(a) and (b) suggest that the metric (ηarea) on FE data after filtering is 
significantly determined by the coherent surface waves. This is confirmed by observing the 
declining pulsed features (indicated by blue lines in figures 3.21(a) and (b)) in every time 
increment about 0.07 ms (equal to the time required for capturing a pulse echo along the top 
surface). These features are thought to be attributed to the much higher attenuation rate of surface 
wave compared with other wave modes at fundamental frequencies as well as their 
overwhelmingly higher initial intensity seen in figures 3.17 and 3.18. Although the numerical 
model cannot encompass the essential conditions for generating diffuse field (e.g. diffuse reflectors) 
their results can imply the equivalent state to a diffuse field, developed by multi-mode wave 
components. This is because mode conversions continue to occur along with surface wave 
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attenuation rate) will be distributed uniformly in the structure (i.e. the mode conversions here have 
the same contributions as diffuse reflectors). Therefore, the FE data without filtering in post-
processing can virtually deliver a converged value of ηarea around 15% from gate start time at 0.1 
ms (representing the significantly attenuated surface waves).  
The results from simulated white noise in figure 3.21(b) indicate the benchmarks for an 
idealised diffuse field. Most importantly, the effect of exponential decay extracted from 
experimental data and the gaussian windowed filter has measurable contributions to the metric, 
ηarea. Their corresponding influence can be observed in figure 3.22, which demonstrates that the 
incoherent signals within a narrow band tend to possess much higher value in ηarea (i.e. less 
diffusivity), and the metric on decayed signals is likely to inherit the characteristics of their decay 
rate, which possibly is the cause of higher ηarea in early wave field of experimental and FE data.  
The metric, ηarea, on experimental FMC signals in figure 3.21(b) suggest a good agreement with 
FE results and previously observed variation of the amplitude envelope measurements about 15 % 
[Evans and Cawley, 1999]. Specifically, the experimental results using the metric ηarea suggest that 
a diffuse wave field occurs at 0.1 ms by observing the converged start point and the filtered data 
provide the higher value in ηarea within predicted diffuse field, which is consistent to the 
observation from white noise. Most importantly, this predicted gate start time for a diffuse field is 
same as the empirical one used in Section 2.2 that delivers good NUI performance on crack 
detection. 





Figure 3.21. Diffuse field verification on white noise, FE data and experimental data using metric, 
ηarea (a) full scale of ηarea against gate start time and (b) the corresponding zoomed in view of smaller ηarea. 





Figure 3.22. Diffuse field verification on white noise with or without filter and decay using metric, 
ηarea. 
 
The metric (ηmax) indicating the variation in maximum energy is plotted in figures 3.23(a) and 
(b) with respect to gate start time, tr. Its results are very similar to those in figures 3.21(a) and (b), 
but the overall variations increase by 20 percent and small fluctuations with increasing tr due to 
too small number of samples in a statistical problem (i.e. when calculating the standard deviations 
of overall energy in a wave field). This fact will be confirmed later by the window size study (a 
converged relationship between ηarea and window length T as presented in figure 3.25) Therefore, 
the metric (ηarea) is favoured over the metric (ηmax) as a consequence of the most representative 
measurement in overall wave field energy. 





Figure 3.23. Diffuse field verification on white noise, FE data and experimental data using metric, ηmax 
(a) full scale of ηmax against gate start time and (b) the corresponding zoomed in view of smaller ηmax. 
 
The change in the metric (ηphase), by which the extent of phase coherence between signals fired 
by two neighbouring transmitters is reflected, with increasing tr is displayed in figure 3.24. As 




mentioned in Subsection 3.3.1, the expected range in ηphase, indicating the change from coherent 
field to diffuse field, is from 0.5 to 1. The results from FE data with the filter suggest that the wave 
energy field of two neighbouring elements is always correlated in phase due to a converged value 
of 0.5. It has good agreement with the assumption of the metric, ηphase, because the FE model 
cannot incorporate diffuse reflectors so that the metric, ηphase, should be expected to remain at 0.5. 
Notably, the FE data without filtering has dramatic increase and decrease in ηphase. Those odd 
values (e.g. 1.5) of ηphase can be caused by the noise at uninterested frequencies due to dispersive 
errors in numerical analysis [Mullen and Belytschko, 1982]. Most importantly, the FE data within 
fundamental bandwidth should behave like coherently reflected signals.  
As a consequence of a phase-dependent method, the filter and the attenuation rate barely have 
influence on white noise, which can be reflected by the overlapped curves (in cyan and magenta 
colours) in figure 3.24. Furthermore, the metric (ηphase) on white noise (uncorrelated signals) is 
consistently with a value of 1 as expected. For the experimental data, the filter also has little effect 
on this metric. The diffuse state might be indicated from tr at 0.07 ms due to the corresponding 
ηphase value at 1 although the metric then decreases by approximately 0.15 and then converges to 
the value around 1.02. This small decrease is possibly because the surface waves not only attenuate 
more slowly than the bulk waves [Uenishi, 2017], but also become diffuse much later due to high 
aspect ratio of this structure (6:1). That is to say, the bulk waves initially at higher intensity will 
reach diffuse state earlier due to significantly more reflections from two horizontal boundaries 
closer to each other in y-direction (as illustrated in figure 3.16). This fact will be further confirmed 
by examining ηphase on a specimen with lower aspect ratio (1.04:1), as presented in figure 3.28. 
The metric, ηphase, evaluating both experimental data and FE filtered data have the small decrease 
in good agreement prior to the previously predicted diffuse field start time (0.1 ms), which might 
be attributed to the existing surface wave components in high intensity before 0.1 ms in figures 
3.14 and 3.18.  





Figure 3.24. Diffuse field verification on white noise, FE data and experimental data using metric, 
ηphase. 
 
The window length, T, is studied by plotting the metrics (ηarea and ηphase) against tr, because it 
is important to select the most representative samples in a predicted diffuse field with the smallest 
window required. In theory, the smaller number of sample (e.g. the single sample used in the metric 
ηmax) are more likely to provide the large error when measuring standard deviations of the statistical 
energy in diffuse wave field. However, there should be an upper limit for the size of sample to be 
estimated, which delivers a saturation point, as a measure of the highest degree of diffuseness.  
Therefore, the size of window length, T, was varied from 0.0004 ms to 0.2 ms. As presented in 
figure 3.25, the metric, ηarea, was first plotted against tr, in order to explore the effect of window 
size on variation between windowed energy received at different location. It clearly demonstrates 
that the relationship between the size of T and ηarea is exponentially inverse. In particular, the ηarea 
converges with increasing size of T from the empirical T with 0.12 ms (used in NUI imaging and 
previous studies) by observing the overlapped curves between T with 0.12 ms and 0.2 ms in figure 
3.25. It should be also noted that the small size of T (e.g. 0.0004 ms and 0.002 ms) contributed to 
more fluctuations and larger offset. As a consequence of the results, the size of T with 0.12 ms is 
suggested to be used. 




In addition, it was thought that the three neighbouring pairs of transmitters used in the simplified 
FE model should provide a good approximation to experimental FMC data. This assumption can 
be validated by examining the corresponding data extracted from the FMC data. Thus, the metric, 
ηarea, examined the corresponding subset of experimental FMC data using the agreed T of 0.12 ms 
(encompassing the signals transmitted by transmitters 1, 2, 16, 17, 31 and 32 then received by all 
64 receivers). The results in the metric, ηarea in in figure 3.25 suggest that six transmitters, which 




Figure 3.25. Diffuse field verification on experimental data with different window size using metric, 
ηarea. 
Similarly, the same window length study was performed by examining the metric, ηphase with 
increasing gate start time, tr. The results in figure 3.26 suggest that the larger window size delivers 
more rapidly converged value in the idealised diffuse state with increasing tr. In addition, the 
metric, ηphase becomes converged at T of 0.12 ms with increasing window size and the three 
neighbouring pairs was able to provide the same prediction of diffuse field as the entire array 
transmitters.  





Figure 3.26. Diffuse field verification on experimental data with different window size using metric, 
ηphase. 
 
Furthermore, the robustness of these two metrics is examined on the same steel CT specimen 
used in Subsection 2.4.2 for performing NUI technique on crack monitoring, whereby the size of 
T was used as 0.12 ms and the resulting time traces from 0.005 ms to 0.4 ms was combined from 
nine sets of FMC data were acquired independently with different gains (from 36 dB to 70 dB). 
Note that the white noise here is also produced from combining simulated random signal and 
exponential decay rate extracted from the experimental resulting time traces. The results in figure 
3.27 demonstrate that the metric ηarea on filtered experimental data implies good agreement with 
the empirical values used in Chapter 2 (T of 0.12 ms with the gate start time, tr, at 0.1 ms) and that 
of filtered white noise by observing the converged start point at approximately 0.07 ms (where 
ηarea is around 15 % as the indicated diffuse state). In addition, the metric ηphase as presented in 
figure 3.28 identifies the convergence to 0.95 (very close to the idealised diffuse state, 1) from 
around 0.07 ms in good agreement. It should be noted that the surface of this steel sample in contact 
with the probe has one-third length of the aluminium one, so that the state of surface waves is 
expected to become diffuse three times faster due to more reflections from boundaries. As a 




consequence, the small decrease observed after the predicted diffuse start time (0.07 ms) in figure 
3.24 is probably attributed to the surface waves as discussed before. 
 
 
Figure 3.27. Diffuse field verification on white noise, FE data and experimental data using metric, 
ηarea. 
 
Figure 3.28. Diffuse field verification on white noise, FE data and experimental data using metric, 
ηphase. 






The results from the aluminium specimen suggest that both of the metrics ηarea and ηphase were 
able to effectively identify the change from coherent field to diffuse field of experimental signals 
according to the reference values generated from FE data, decayed white noise. Note that the effect 
of both the exponential decay extracted from experimental data and the gaussian windowed filter 
has been found to provide considerable contributions to the metrics. Consequently, the simulated 
white noise including both of them delivers the best approximation to the experimental data in 
terms of diffusivity indicated by the proposed metrics. In addition, the FE data was seen to provide 
no indication of diffuse state, which should be attributed to no diffuse reflectors included in the 
model. Furthermore, the effect of window size, T, was studied by using the same metrics ηarea and 
ηphase. Its results demonstrated that the larger T delivered higher diffusivity and the preferred size 
of 0.12 ms indicated by the converged values of ηarea and ηphase was consistent to the empirical 
value obtained from the experimental NUI performance on crack detection. Investigations using 
these two metrics were conducted on one of the steel CT specimens used in Chapter 2. The 
consistent results corresponding to empirical values were confirmed by observing the tr, at which 
both ηarea and ηphase converged to reference values of diffuse state.  
In summary, both of the metrics ηarea and ηphase on examining tr and T demonstrated good 
agreements with their empirical values from the experimental NUI performance on crack 
detections of the same structures (one aluminium CT specimen and one steel CT specimen), hence, 
they are thought to be able to quantitatively predict the diffuse field start time as well as the 
optimum window size T by comparing their value with the idealised diffuse state (15 % for ηarea 
and 1 for ηphase) and identifying the convergence start point. It should be noted that in some cases 
the surface waves might lead to errors in judging the diffuse state, particularly with excitation on 











3.4 Three-dimensional NUI technique 
In order to allow the NUI to localise the acoustic nonlinearity in three-dimensional (3D) space 
of a specimen, a novel technique termed 3D NUI was developed. The principle is to control the 
array elements within a 2D array probe with independent delay laws, thereby achieving the 
physical and synthetic focusing (known as parallel and sequential focusing) at each volumetric 
pixel. Similarly, the difference in remaining fundamental energy between sequential and parallel 
cases within the diffuse field is exploited to calculate the nonlinear metric, γ at each focal point.  
The focal laws of transmission and reception requires recalculations of the distance between the 
transducer and each imaging pixel in three-dimensional coordinate system. A 96 element 2D array 
probe (Imasonic, France) was selected with the same nominal transmission frequency of 5 MHz. 
Specifically, this 2D array has 96 elements in a configuration of 3 rows and 32 columns, which 
provides an active area with a width in y-axis of 10 mm and a length of 32 mm in x-axis. This 
technique was implemented on the same aluminium sample with fatigue cracks used in Section 
3.2, which was well studied by 2D NUI. A schematic diagram of this experimental configuration 
in xyz-space is presented in figure 3.29. 
 
 
Figure 3.29. A schematic diagram of experimental setup used in 3D NUI measurement on a fatigue 
crack sample. 
 
Using the optimal NUI parameters from Subsection 3.2.1, their value for this 3D NUI method 
was chosen as follows: window length, T of 0.12 ms, reception start time, tr, at 0.1 ms, focused 
capture number of 16, sampling bit rate, of 16, sampling frequency, at 25 MHz, pulse width, of 




100 ns, reception gains at 15 dB for parallel capture and 30 dB for sequential capture and pulse 
repetition frequency, at 500 Hz. In addition, the centre of probe was aligned to the centre of the 
specimen surface (the same arrangement as illustrated in figure 3.1).  
 
 
Figure 3.30. The nonlinear image from 3D NUI technique on aluminium sample in nonlinear metric, 
γ. 
 
From figure 3.30, the through-thickness nonlinear features of the cracks, presented in manner 
of x-z plane slices, are in close proximity to the ones generated from previous 2D NUI technique 
(x-z plane). In addition, the results suggest that the imaging performance is depending on the 
amount of physical energy at focal point because the highest nonlinear metric (γ) appears in the 
centre of y-axis (which is on the middle slice displayed in figure 3.31).  





Figure 3.31. The middle slice of nonlinear image from 3D NUI technique in nonlinear metric, γ. 
 
In practice, the 3D NUI with number of lateral array elements facilitates accurate localisation 
and quantification of the nonlinear defects sparsely distributed in 3D space below the inspection 
area. It also enhances the detectability of volumetrically variant defects in engineering structures, 
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CHAPTER 4- NONLINEAR COHERENT IMAGING 
4.1 Introduction 
In the present chapter, a form of amplitude and phase modulation imaging is explored which is 
shown to have distinct advantages over the above discussed methods in Subsection 1.4.2.6. In 
particular, an alternative approach is proposed to allow the effective separation of nonlinear and 
linear features in a nonlinear image without any requirement of a measurable diffuse field. In this 
study, one or two ultrasonic phased arrays are used to create a spatial map of nonlinearity by 
applying the process of parallel and sequential field subtraction (i.e. as used in nonlinear diffuse 
energy imaging, see Subsections 1.4.2.6.3 and 2.2 for fuller details), to the coherently scattered 
components of the field at the fundamental or subharmonic frequency. In parallel focusing the 
elements are fired with a pre-set delay law to cause a high intensity focus at the target pixel. In 
sequential focusing individual elements are fired in-turn and the full matrix of transmit-receive 
data is captured and synthetically focused at the pixel location in post-processing. The two 
resulting images would be linearly equivalent and therefore any differences in phase and amplitude 
can be attributed to nonlinearity. Hence, the proposed imaging metric here is the difference in 
coherently scattered amplitude for fields yielded from sequential and parallel focusing at each pixel 
location. In addition, effects arising from the nonlinearity inherent in the instrumentation are 
observed in the residual relative phase and amplitude at damage-free points. Processing is applied 
to remove these effects, greatly improving the suppression of linear scattering features. In addition, 
since physical focusing is only required once per pixel, this nonlinear coherent imaging (NCI) 
approach can shorten the time for data acquisition compared to another nonlinear amplitude-
modulation imaging method developed by [Haupert et al., 2017] (see Subsection 1.4.2.6.2 for more 








4.2 Sequential and parallel fields 
Two alternative modes of image formation are commonly employed with a typical 
commercially available array controller. In parallel transmission mode, all elements are fired near 
simultaneously in a pre-set sequence termed a delay law. The application of this mode results in a 
high intensity beam forming in the test structure which is then physically translated, steered or 
focused to form an image. Alternatively, in sequential mode each transmitter is fired independently 
and the time-domain signals from all the individual combinations of transmitter-receiver pairs are 
captured one after the other forming the so-called full matrix of inter-element responses. This full 
matrix can then be post-processed with the same delay laws used in parallel transmission. If the 
system is time invariant and the principle of linear superposition holds, these two modes of 
operation form linearly equivalent responses. However, elastic nonlinearity leads to differences in 
the fields produced by these two modes of focusing. This difference can be exploited to allow the 
measurement of material nonlinearity. It has been shown that elastic nonlinearity produces 
differences in the statistical diffuse energy of parallel and sequentially focused fields and this 
principle has been used to image fatigue cracks with the nonlinear diffuse energy method [Potter 
et al., 2014].  The first part of the present study examines the effect of the nonlinear elastic response 
of fatigue cracks on the relative properties of the coherently scattered components of the parallel 
and sequential fields  
Assuming fn,m(t) are the time-domain received signals for each combination of transmit (n) and 
receive (m) elements in the sequential case. 𝛿𝑛
𝑇(𝑟) is the transmission delay applied to the nth 
element to achieve a focus at a point, r(x,z), which can be expressed as 
 
                                         𝛿𝑛
𝑇(𝑟) =
√(𝑥𝑛 − 𝑥)2 + 𝑧2 − √(𝑥𝑎 − 𝑥)2 + 𝑧2
𝑐
,                                      (4.1) 
 
where c denotes the longitudinal wave velocity of the material, xa is the position of reference 
element in x-axis for the transmission delay law. 𝛿𝑚
𝑅 (𝑟) is the reception delay applied to the mth 
element to achieve the focus, which may be written as 
 




                                        𝛿𝑚
𝑅 (𝑟) =
√(𝑥𝑚 − 𝑥)
2 + 𝑧2 − √(𝑥𝑏 − 𝑥)
2 + 𝑧2
𝑐
,                                      (4.2) 
 
where xb is the position of reference element in x-axis for the reception delay law. The frequency 
(ω) domain version of fn,m(t) can be expressed as  
 




,                                                         (4.3) 
 
where tr is the reception end time. Further, if gm(r,t) is the time-domain signal received on 
element m for the parallel transmission of all elements delayed independently by 𝛿𝑛
𝑇(𝑟) then the 
frequency (ω) domain version of gm(r,t) is given by 
 
                                                    𝐺𝑚(𝜔) = ∫ 𝑔𝑚(𝑡)
𝑡𝑟
0
𝑒−𝑖𝜔𝑡𝑑𝑡.                                                             (4.4) 
 
For a general nonlinear defect illuminated by ultrasonic waves, the interaction results in a 
transfer of energy from the fundamental frequency to subharmonics, superharmonics and 
modulation frequencies of the incident bandwidth. Regardless of the frequency component that the 
energy moves to, it is always lost from the transmission bandwidth, resulting in small changes to 
amplitude and phase of those frequency components. Hence, the relative difference in amplitude 
and phase of the transmission bandwidth for parallel and sequentially focused fields is now 
explored. Likewise, the gain at subharmonics is examined by measuring the difference in 
amplitude and phase of the reception bandwidth using a subharmonic array as receiver. In this 
study a narrow bandwidth from 
5
6
𝜔0  to 
7
6
𝜔0  was examined relative to the nominal centre 
frequency of the array probe at reception, 𝜔0. These limits are chosen to effectively measure either 
the remaining waves at the fundamental frequency or the increasing nonlinear subharmonic 
response by minimising the contributions from internal movement of energy within the evaluated 
bandwidth as well as suppressing the effect of spectral leakage (as discussed in Subsection 3.2.3). 
Consequently, the received time series in the sequential focusing case, As(t), for an N element array 
is given as 





















𝑒−𝑖𝜔𝑡𝑑𝜔.                   (4.5) 
 
Likewise, the amplitude, Ap(t), in the parallel focusing case is calculated as follows 
 











𝑒−𝑖𝜔𝑡𝑑𝜔.                                          (4.6) 
 
4.3 Pulse-echo nonlinear coherent imaging 
4.3.1 Experimental procedure 
 
Figure 4.1. Schematic diagrams of pulse-echo configurations with array placed on (a) the right-hand 
side and (b) the top of the compact test specimen. 
 
The effect of fatigue cracks on the time domain responses, As(t) and Ap(t) is first examined. The 
same type of CT specimens used in Chapter 2 were manufactured and the fatigue test with the 
same loading conditions described in Subsection 2.3.1 was conducted in order to relate linear and 
nonlinear metrics to the crack size. Furthermore, before the fatigue test, the same metallographic 
preparation described in Subsection 2.3.1 was performed around the electro-discharge machined 
(EDM) starter-notch. The microstructure around the crack was then observed by a microscope 




(Zeiss Axio Imager 2, Germany) and, consequently, the crack length was measured periodically 
during the fatigue test. 
The ultrasonic measurements were implemented through positioning an array on the faces of 
the CT specimen as shown in figures 4.1(a) and (b) and operating it in pulse-echo mode. It should 
be noted that the arrangement in figure 4.1(a) provides the best-case scenario for capturing the 
fundamental signals reflected from closed cracks since the cracks grown by the cyclic tension 
present a larger reflecting surface in this orientation. However, the efficacy of imaging by 
positioning the array above the cracks in figure 4.1(b) is also examined as this is often the only 
option in many industrial application scenarios, due to access restrictions. All the measurements 
were performed with a 64 element ultrasonic array (Imasonic, France) with nominal center 
frequency of 5 MHz, (-6 dB bandwidth 68% of the centre frequency), and pitch of 0.6 mm, using 
a commercial array controller (Micropulse, Peak NDT, UK). Aside from the selection of sampling 
frequency and reception gains, all of the parameters were chosen to be consistent with those used 
in NUI described in Subsection 2.3.2, as a consequence of the identical transmission modes in use. 
The sampling frequency was increased to 50 MHz due to the analysis of coherently scattered field. 
Further, the reception gains for sequential and parallel captures were used as 33 and 10 respectively 
to effectively measure the signals without the occurrence of instrument saturation.   
As with other amplitude modulation methods defined in Subsection 1.4.2.6.2, the proposed 
coherent nonlinear imaging method relies on the presence of linear scatterer in the vicinity of 
nonlinear defect in order for the distorted component of the field to be returned to the transducer. 
This suggests that the nonlinearities cannot be detected until the linear scattering features are 
formed (i.e. the detection is less sensitive to the very early closed cracks). Therefore, the 
arrangement in figure 4.1(a) is particularly beneficial as the orientation allows stronger linear 
reflections from the cracks. With this arrangement, our proposed technique demonstrated its ability 
to localise the crack tip and size the cracks throughout the fatigue life. The underlying physics 
behind the nonlinear image is now explored to understand the nonlinear responses. Two 
fundamental physical quantities (absolute amplitude and phase), of which the nonlinear image 
consists, were studied over the considered bandwidth.   





Figure 4.2. At 30000 loading cycles, (a) time traces for a pixel at the crack tip. The rectangular box 
denotes the portion of the signal that was analysed in the frequency domain. (b) amplitude ratio, δA, at 
crack tip and back wall, and (c) relative phase in radians, δφ against frequency at the crack tip and back 
wall. Note that error bars denote standard deviations of the metrics at multiple linear points selected from 
back wall at the given frequency. 
 
Example parallel and sequential time traces (Ap(t) and As(t)), produced by focusing at the crack 
tip in a CT specimen with a crack of length of 695 μm are shown in in figure 4.2(a). The relative 




properties of the fields are analysed in the frequency domain in figure 4.2(b) and (c) from which 
is can be seen that the parallel and sequential fields obtained from a pixel at the crack tip show 
differences in both amplitude and phase. Note that 5-cycle gaussian windowed signals centered at 
focal time, tf in figure 2(a) were post-processed for this frequency analysis. 
The amplitude ratio between sequential and parallel focusing is first studied which is defined 
as 
 
                                                   𝛿𝐴(𝜔) =
|𝐴𝑠(𝜔)| 
|𝐴𝑝(𝜔)|
.                                                                          (4.7)   
                                                                                           
Figure 4.2(b) shows the amplitude ratio, 𝛿𝐴(𝜔) over the post-processed frequency band (one 
third of the centre frequency), from which it can be seen that the ratio is below unity indicating 
that the amplitude of the parallel field is higher than that of the sequential field. This finding is 
somewhat counter-intuitive as it has been previously shown, for example through diffuse energy 
imaging [Potter et al., 2014], that the total energy loss from the fundamental component is higher 
in the parallel transmission case. It is possible that the apparent increase in amplitude is a 
consequence of interference effects between the distorted and undistorted components of the field. 
A similar observed amplitude increase has also been observed using the amplitude modulation 
approach to coherent nonlinear imaging [Ikeuchi et al., 2013].  The relative phase between 
sequential and parallel focusing is then evaluated as 
 
                                                  𝛿𝜑(𝜔) = ∠𝐴𝑠(𝜔) − ∠𝐴𝑝(𝜔).                                                         (4.8)    
                                                
 Figure 4.2(c) shows that the relative phase, 𝛿𝜑(𝜔) when focused at the crack tip increases 
significantly. For comparison, multiple linear points selected from back wall, considered as 
undamaged areas, were chosen to understand the background level, and results suggest that all of 
their relative phases remain at a lower level. Note that the linear points here are defined as those 
pixels on the back wall, which possess amplitude of As(tf) larger than 0.5 in arbitrary units. The 
difference in phase and amplitude between the back wall measurements can be attributed to the 
bulk material nonlinearity, coupling and, more significantly, the nonlinearity of the 




instrumentation. Nonetheless, the observed differences suggest that the relative phase and 
amplitude allow for the characterisation and localisation of the nonlinear defect.  
 
 
4.3.2 Nonlinear coherent imaging metrics 
     4.3.2.1 Amplitude 
 
Given that it is observed that nonlinear elasticity induces measurable differences in the 
coherently scattered component of parallel and sequentially focused fields, this is now used a basis 
for nonlinear imaging. First, the complex amplitude of the focal point r in the sequential case, Is is 
given as 
 
                                                                 𝐼𝑠(𝑥, 𝑧) = 𝐴𝑠(𝑡𝑓),                                                                     (4.9) 
 
  This sequential imaging is equivalent to a conventional linear total focusing method image.  
Similarly, the complex amplitude of the focal point r in the parallel case Ip is given by 
 
                                                                𝐼𝑝(𝑥, 𝑧) = 𝐴𝑝(𝑡𝑓) ,                                                                  (4.10) 
 
 Finally an image is formed from calculation of the nonlinear amplitude metric  at a given 
imaging/focal point (𝑥, 𝑧) by subtracting the parallel and sequential amplitudes as follows  
 
                                                     (𝑥, 𝑧) = |𝐼𝑠(𝑥, 𝑧) − 𝐼𝑝(𝑥, 𝑧)|.                                                        (4.11) 
 
Figures 4.3(a) and (b) present the sequential and parallel images ( |𝐼𝑠(𝑥, 𝑧)|  and |𝐼𝑝(𝑥, 𝑧)| 
respectively) of the region around the EDM starter-notch tip and fatigue crack. These images, 
which are linearly equivalent, are seen to be indistinguishable, even in the presence of crack 
growth. The subtracted image, (𝑥, 𝑧) in figure 4.3(c) is seen to suppress the linear geometric 
features, revealing the nonlinear response of the fatigue crack with the maximum nonlinearity 
located close to the crack tip.  This imaging process is termed as pulse-echo amplitude NCI. It is 




noted that the residual amplitude of the subtracted fields used to form the nonlinear image is 
predominantly from the observed differences in phase rather than amplitude.  This can be attributed 
to small changes in phase producing large residual amplitudes when the responses are subtracted. 
Some evidence is provided later in the corresponding results through using only the phase 
differences as the imaging metric (see the method discussed in Subsection 4.3.2.2 as well as more 
imaging results in figures 5.7(a-j) and figures 5.8(a-j)).  
Although reduced through subtraction, the suppression of linear features is imperfect. This is 
thought to be a consequence of both the bulk material nonlinearity and that of the instrumentation, 
specifically the ability of the instrument to produce identical waveforms in both parallel and 
sequential transmission modes.  This was seen in figures 4.2(b) and (c) as differences in amplitude 
and phase for fields focused on the specimen back wall which is thought to act as a purely linear 
reflector. To compensate for these effects, the relative amplitude and phase of the baseline 
measurements is first averaged for multiple points on the back wall. This baseline response is then 
approximated through a linear fit in the frequency domain, indicated by the red lines in figures 
4.2(b) and (c). Note that the linear fit can be replaced by direct use of each average value due to 
negligible differences of them for back wall. These approximate baseline phase and amplitude 
terms are denoted 𝛿𝜑(𝜔) and 𝛿𝐴 (𝜔) respectively. The influence of instrument nonlinearity can be 
removed by applying a correction for the relative phase and amplitude arising from the instrument 
to the sequential focused amplitude, which as follows 
 
                                                 ?̂?𝑠(𝜔) =
𝐴𝑠(𝜔)
?̂?𝐴(𝜔)
𝑒−𝑖?̂?𝜑(𝜔),                                                                        (4.12) 
 
where ?̂?𝑠(𝜔)  denotes the corrected sequential amplitude in frequency domain. Hence, the 
improved complex amplitude in time domain of the focal point r in the sequential case 𝐼𝑠  is given 
as 
 
                                                                 𝐼𝑠(𝑥, 𝑧) = ?̂?𝑠(𝑡𝑓).                                                                   (4.13) 
 
An improved image is then obtained by computing the new nonlinear amplitude metric ̂ with 
the compensated amplitude in the sequential case as follows 





                                                         ̂(𝑥, 𝑧) = |𝐼𝑠(𝑥, 𝑧) − 𝐼p(𝑥, 𝑧)|.                                                   (4.14) 
 
Figure 4.3(d) shows the nonlinear image with the instrumentation compensation from which it 
can be seen that the background levels drop approximately from 0.2 to 0.02 in nonlinear metric.  
 
 
Figure 4.3. At 30000 loading cycles, (a) linear sequential image, |𝐼𝑠|  and (b) parallel image |𝐼𝑝| in 
arbitrary units, (c) image of the nonlinear metric,  and (d) image of the nonlinear metric with 
instrumentation compensation applied, ̂. The inspection configuration is as illustrated in figure 4.1(a). 
The red cross indicates the micrographically measured crack tip and the geometry of the EDM starter 









     4.3.2.2 Phase 
 
As a consequence of significant differences in the phase component between parallel and 
sequentially focused fields, their differences are extracted and then exploited for nonlinear 
imaging. Note that it is necessary to limit the interference from background noise by identifying 
the backscatterers on a linear image with a threshold (e.g. 𝐼𝑠(𝑥, 𝑧) in figure 4.3(a) is not less than 
2 in this case) and then mapping the indicated clean area in the nonlinear phase image as zero. An 
intuitive way to achieve the phase imaging is to directly use phase component 𝜑𝑠(𝑥, 𝑧) of complex 
amplitude 𝐼𝑠(𝑥, 𝑧) at every pixel in sequential case (in equation (4.9)) as follows 
 
                                                              𝜑𝑠(𝑥, 𝑧) = ∠ 𝐴𝑠(𝑡𝑓),                                                                (4.15) 
    
  Likewise, phase component  𝜑𝑝(𝑥, 𝑧)  of complex amplitude 𝐼𝑝(𝑥, 𝑧)  in parallel case (in 
equation (4.10)) is given by 
 
                                                              𝜑𝑝(𝑥, 𝑧) = ∠ 𝐴𝑝(𝑡𝑓),                                                               (4.16) 
      
 Consequently, an image is formed from calculation of the nonlinear phase metric 𝜑 in radians 
at a given imaging/focal point 𝜑(𝑥, 𝑧) by subtracting the parallel and sequential amplitudes as 
follows  
 
                                                 𝜑(𝑥, 𝑧)  = ∠ 𝐴𝑠(𝑡𝑓) − ∠ 𝐴𝑝(𝑡𝑓).                                                      (4.17) 
 
Figures 4.4(a) and (b) display the sequential and parallel images of the same imaging area near 
the crack and the notch. These linear images (representing 𝜑𝑠(𝑥, 𝑧)  and  𝜑𝑝(𝑥, 𝑧) ) appear 
indistinguishable making it hard to extract any information about the crack. However, the 
subtracted image in figure 4.4(c) reveals the nonlinear response around the crack tip, which is 
comparable to the result in figure 4.3(c). This imaging process is referred to pulse-echo phase NCI. 
It is noted that this nonlinear phase metric 𝜑 provides higher selectivity of the crack tip over  by 
reducing the averaged background noise level from -6 dB to -9 dB.  




Similarly, the instrument noise is then reduced by applying the same approximate baseline 
phase term 𝛿𝜑(𝜔) used in Subsection 4.3.2.1 to the sequentially focused amplitude as follows 
 
                                                        ?̃?𝑠(𝜔) = 𝐴𝑠(𝜔)𝑒
−𝑖?̂?𝜑(𝜔),                                                              (4.18) 
 
An enhanced nonlinear phase image is then realised by calculating the corrected nonlinear phase 
metric ?̃? in radians with the compensated phase component in the sequentially focused amplitude 
as follows 
 
                                                  ?̃?(𝑥, 𝑧)  = ∠ ?̃?𝑠(𝑡𝑓) − ∠ 𝐴𝑝(𝑡𝑓).                                                     (4.19) 
 
Figure 4.4(d) presents the nonlinear image with the instrumentation compensation from which 
it can be seen that the background levels drop approximately from 0.06 to 0.002 in the nonlinear 









Figure 4.4. At 30000 loading cycles, (a) linear sequential image, ∠ 𝐴𝑠(𝑥, 𝑧) and (b) linear parallel image, 
∠ 𝐴𝑝(𝑥, 𝑧)  in radians, (c) image of the nonlinear metric, 𝜑 in radians and (d) image of the nonlinear 
metric with instrumentation compensation applied, ?̃? in radians. The inspection configuration is as 
illustrated in figure 4.1(a). The red cross indicates the micrographically measured crack tip and the 
geometry of the EDM starter notch is shown with white lines. 
 
4.4 Pitch-catch nonlinear coherent imaging  
4.4.1 Experimental procedure 
 
Since this section aims to analyse the forward scattered field generated by the equivalent setup 
and method, the imaging methods and metrics used in this section are consistent with those 
described in Section 4.3. However, the experimental configurations used here (as presented in 
figures 4.5(a)) differs from the pulse-echo arrangement used in Section 4.3. Note that the same 
array used in Section 4.3 is positioned at the identical inspection location as the transmitter in this 




section. Consequently, only the reception delay 𝛿𝑚
𝑅 (𝑟)  requires the recalculations due to the 
change in position of the receiver. Whilst both of the pitch-catch configurations presented in 
figures 4.5(a) and (b) are often impractical in application to structures with single-sided access, 
there are still many critical engineering components with double-sided access (e.g. turbine blades). 
Additionally, it is worth investigating the nonlinear phenomenon of forward scattered field prior 
to the formation of linear defects. 
 
4.4.1.1 Fundamental measurement 
 
The pitch-catch configuration is expected to be the most sensitive to crack closure as the entire 
wave front passing through the closed cracks is allowed to be captured by positioning another array 
on the opposite side. Specifically, the same array used in pulse-echo NCI imaging was 
implemented as the transmitter in pitch-catch configuration. In addition, a 64-element ultrasonic 
array (Imasonic, France) with nominal centre frequency of 5 MHz, (-6 dB bandwidth 86% of the 
centre frequency) and pitch of 0.63 mm was used as the receiver for pitch-catch NCI fundamental 
imaging. The schematic diagram in figure 4.5(a) presents the arrangement of the pitch-catch 
fundamental measurement. 
 
4.4.1.2 Subharmonic measurement 
 
The subharmonic imaging was achieved by employing a 64-element ultrasonic array (Imasonic, 
France) with nominal centre frequency of 2.5 MHz, (-6 dB bandwidth 66% of the centre frequency) 
and pitch of 0.5 mm at reception. The schematic diagram in figure 4.5(b) describes the layout of 
the pitch-catch subharmonic measurement.  
 
 





Figure 4.5. Schematic diagrams of (a) pitch-catch fundamental configuration and (b) pulse-echo 
subharmonic configuration. 
 
4.4.2 Sequential and parallel fields 
 
Likewise, their example parallel and sequential time traces ((Ap(t) and As(t))) produced by 
focusing at the crack tip in the same CT sample are shown in in figure 4.6(a) and figure 4.7 (a). 
The relative properties of the fundamental and subharmonic wave fields are analysed in the 
frequency domain in figures 4.6(b) and (c) and figures 4.7(b) and (c) respectively from which it 
can be seen that the parallel and sequential fields obtained from pixels at the crack tip present 
significantly larger differences in both amplitude and phase in contrast to those from linear points. 
As a consequence of the measured through-transmission field, the linear points here are defined as 
those pixels within the clean area (i.e. undamaged region containing no linear scatterers), which 
possess amplitude of As(tf) larger than 0.5 in arbitrary units. Again, gaussian windowed signals 
centered at focal time, tf in figure 4.6(a) and figure 4.7(a) were post-processed for this frequency 
analysis.  
 





Figure 4.6. Pitch-catch fundamental measurement at 30000 loading cycles, (a) time traces for a pixel at 
the crack tip. The rectangular box denotes the portion of the signal that was analysed in the frequency 
domain. (b) amplitude ratio, δA, at crack tip and linear points, and (c) relative phase in radians, δφ against 
frequency at the crack tip and linear points. Note that error bars denote standard deviations of the metrics 
at multiple linear points selected from clean area at the given frequency. 
 
Notably, the amplitude ratio between sequential and parallel focusing 𝛿𝐴 at the crack tip in the 
fundamental and subharmonic measurements of pitch-catch NCI (as presented in figure 4.6(b) and 
figure 4.7(b) respectively) increases by 0.2 and 0.1 respectively compared to that of the pulse-echo 
measurement (see figure 4.2(b)). As a consequence, this delivers remarkable contributions to the 




same nonlinear metric,  as indicated in equation (4.11). This observation (i.e. the amplitude of 
the parallel field is higher than that of the sequential field) as presented in figure 4.6(b) and figure 
4.7(b) shows consistent nonlinear phenomenon with the diffuse energy imaging (NUI) results in 
which the remaining fundamental energy of the parallel focusing at the crack tip is much less than 
that of the sequential one.  
 
 
Figure 4.7. Pitch-catch subharmonic measurement at 30000 loading cycles, (a) time traces for a pixel at 
the crack tip. The rectangular box denotes the portion of the signal that was analysed in the frequency 
domain. (b) amplitude ratio, δA, at crack tip and linear points, and (c) relative phase in radians, δφ against 




frequency at the crack tip and linear points. Note that error bars denote standard deviations of the metrics 
at multiple linear points selected from clean area at the given frequency. 
 
On the other hand, the phase difference between the parallel and sequential focusing 𝛿𝜑 at the 
crack tip in pitch-catch fundamental and subharmonic measurements at the crack tip reduces by 
0.11 and 0.07 respectively relative to that in pulse-echo approach. As a consequence, the phase 
imaging here is thought to be ineffective for measuring the nonlinearity. This difference in 
amplitude and phase between backscattered and through-transmission fundamental components 
induced by closed cracks might be attributed to the nonlinear directivity function at the crack 
interface. Most importantly, these differences seen in pitch-catch configurations can be also used 
to image the elastic nonlinearity. All of 𝛿𝐴 and  𝛿𝜑 at crack tip produced by different NCI methods 
are summarised in the table 4.1. In addition, it is worth noting their relative change at linear point 
(back wall or clean area) between each method is much smaller compared with that at crack tip.  
 
Type of NCI 𝛿𝐴 at crack 
tip 
𝛿𝐴 at back 
wall or clean 
area 
𝛿𝜑  at back 
wall or clean 
area 
𝛿𝜑  at back 
wall or clean 
area 
Pulse echo 0.93 1.00 0.16 0.05 
Pitch catch (fundamental 
measurement) 
1.13 1.02 0.05 0.02 
Pitch catch (subharmonic 
measurement) 
1.03 1.00 0.09 0.04 
Table 4.1. A summary of amplitude ratio, δA and relative phase in radians, δφ at crack tip and linear 
point (back wall or clean area) produced by different types of NCI methods. 
 
4.4.3 Imaging results 
 
The complex amplitude metrics used in pulse-echo NCI ( (𝑥, 𝑧)  and ̂(𝑥, 𝑧) ) can be 
equivalently applied to the pitch-catch fundamental and subharmonic measurements (termed as 
pitch-catch fundamental NCI and pitch-catch subharmonic NCI respectively). Figures 4.8(a) and 




(b) show the pitch-catch fundamental sequential and parallel images (|𝐼𝑠(𝑥, 𝑧)| and |𝐼𝑝(𝑥, 𝑧)|) of 
the same region around the notch and the crack as the area indicated in figures 4.3(a-d). Note that 
the absolute amplitude in these linear metrics implies the capability to propagate through the paths 
between transmitter and receiver. Although these two images, which are linearly identical, are seen 
to be indistinguishable the subtracted image in figure 4.8(c) is seen to suppress the linear features 
and reveal the nonlinear response of the fatigue crack with the maximum value in the vicinity of 
the crack tip. Furthermore, figure 4.8(d) shows the nonlinear image with the same instrumentation 
compensation process from which it can be seen that the background levels reduce roughly from 
0.06 to 0.01 in nonlinear metric. For such nonlinear features the image produced is that of the 




Figure 4.8. Pitch-catch fundamental NCI at 30000 loading cycles, (a) sequential image, |𝐼𝑠| and (b) 
parallel image, |𝐼𝑝| in arbitrary units, (c) image of the nonlinear metric,  and (d) image of the nonlinear 
metric with instrumentation compensation applied, ̂. The inspection configuration is as illustrated in 
figure 4.5(a). The red cross indicates the micrographically measured crack tip and the geometry of the 
EDM starter notch is shown with white lines. 
 




Likewise, the linear and nonlinear images from the subharmonic measurement are displayed in 
figures 4.9(a-d). Their features can be related to those in figures 4.8(a-d). As a consequence of 
partial fundamental loss, the nonlinear subharmonic responses indicated by nonlinear images in 
figures 4.9(c) and (d) behave somewhat weaker than the nonlinear fundamental responses 
measured by those in figures 4.8(c) and (d). This is also seen from the smaller δφ and δA at the crack 
tip observed in figures 4.7(b) and (c). Therefore, the NCI of fundamental waves is thought to 
deliver the highest selectivity to elastic nonlinearity. 
 
 
Figure 4.9. Pitch-catch subharmonic NCI at 30000 loading cycles, (a) sequential image, |𝐼𝑠| and (b) 
parallel image |𝐼𝑝| in arbitrary units, (c) image of the nonlinear metric,  and (d) image of the nonlinear 
metric with instrumentation compensation applied, ̂. The inspection configuration is as illustrated in 
figure 4.5(b). The red cross indicates the micrographically measured crack tip and the geometry of the 
EDM starter notch is shown with white lines. 
 
 





A group of coherent nonlinear ultrasonic imaging (NCI) techniques are proposed to effectively 
localise and quantify the extent of cracking by evaluating differences in parallel and sequentially 
focused fields. Specifically, the first NCI method using pulse-echo amplitude measurement 
(referred to pulse-echo amplitude NCI) is developed based upon the overall nonlinear responses 
in absolute amplitude and phase. This method allows the linear sequential and parallel images 
(indicated by |𝐼𝑠(𝑥, 𝑧)| and |𝐼𝑝(𝑥, 𝑧)| respectively), to reveal essentially geometric information 
from sample boundaries and large defects. Additionally, the subtracted nonlinear images reveal 
nonlinear features such as partially-closed cracks and crack tips (measured by the amplitude metric 
of NCI, ). Further, the second NCI method (termed pulse-echo phase NCI) only measures the 
phase component of the nonlinear responses and then exploits it to images the cracks. The results 
suggest that it can improve the selectivity of cracks by suppressing the averaged background noise 
level from -6 dB (measured by ) to -9 dB (measured by the phase metric of NCI, 𝜑). Last, another 
two variants of NCI techniques using the different arrangement (known as pitch-catch fundamental 
NCI and pitch-catch subharmonic NCI) are developed by measuring forward scattered amplitude 
at the opposite side using the amplitude metric , . This configuration also demonstrates its 
sensitivity to crack closure by capturing the waves at either subharmonic or fundamental 
frequencies. However, this method (i.e. the imaging approach of forward scattered field) 
principally depends on the difference in the absolute amplitude (rather than the phase used in pulse-
echo configuration) between sequential and parallel focusing. Furthermore, the NCI of 
fundamental waves is seen to deliver the highest selectivity of acoustic nonlinearity. Last but not 
least, all of the NCI methods discussed above can be optimised by suppressing the instrumentation 
noise estimated from the baseline measurements of relative phase and absolute amplitude at the 
back wall. The results of NCI (produced by using the optimised amplitude and phase metrics ̂ 
and ?̃? on the same type of sample) suggest that this technique without the use of a measurable 
diffuse field potentially provides higher signal-to-noise performance over the NUI technique using 
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CHAPTER 5-INVESTIGATIONS INTO THE APPLICATIONS 
OF NONLINEAR COHERENT IMAGING 
5.1 Introduction 
Since chapter 4 has presented the potential of four proposed nonlinear coherent imaging (NCI) 
methods (known as pulse-echo amplitude NCI, pulse-echo phase NCI, pitch-catch fundamental 
NCI and pitch-catch subharmonic NCI) on detecting a fatigue crack grown in a mild steel 
specimen, this chapter further examines their capability of crack sizing and early detection through 
periodic monitoring of crack growth from 0 to 100,000 cycles (circa 74% of fatigue life) in the 
same type of specimen. Their efficacy of crack detection is studied and then compared, in order to 
explore the detection limits and the applications. In addition, the effect of inspection angle (i.e. 
dependence of linear scattering) is also investigated for the pulse-echo measurement along with 
nonlinear ultrasonic diffuse energy imaging (NUI) for comparison purpose. Here the loading step 
was chosen as 10,000 cycles in order to allow the microstructural change and detection limits to 
be explored by all of the NCI approaches. 
 Last, the SBCs grown in two existing aluminium specimens were inspected by the pulse-echo 
amplitude NCI, in order to explore the detectability of SBCs in application to pressure vessel and 
pipeline inspection. These samples possess close type of defects and similar geometry compared 
with those engineering components. Furthermore, a preliminary study of the relationship between 












5.2 Monitoring fatigue crack growth  
 
Before conducting the fatigue test described in Subsection 2.3.1, the baselines of relative phase 
(𝛿𝜑) and amplitude ratio (𝛿𝐴) from linear points across the back wall or those through the clean 
materials were evaluated for pulse-echo and pitch-catch methods respectively, in order to 
compensate for the instrument nonlinearity (as described in Sections 4.3 and 4.4). The baseline 
parameters, 𝛿𝜑  and 𝛿𝐴 , acquired for the 0-cycle case are used in the image formation of each 
subsequent loading step. In addition, the same metallographic preparation and the identical 
micrography described in Subsection 2.3.1 were performed in this study. All of the micrographic 
results in this study are presented in figures (A.2-A.11). In order to quantify the performance of 
all the types of NCI relative to that of linear sequential (TFM) and NUI methods, a unified signal-
to-noise ratio, SNR1 is defined as the maximum absolute value in each imaging metric from the 
crack (indicated by micrography) to its peak absolute value from the EDM starter notch, as the 
nearest linear reference feature.  
 
5.2.1 Pulse-echo nonlinear coherent imaging 
 
The experimental apparatus as mentioned in Subsection 4.3.1 is implemented in this study. 
Figures 5.1(a-j) show images obtained with sequential imaging, denoted as |𝐼𝑠(𝑥, 𝑧)| (indicated in 
equation 4.13) from 10000 cycles to 100000 cycles. Before 50000 cycles, the crack at the early 
stages are barely detectable due to their small size (maximum 1.3 mm) relative to the fundamental 
wavelength (1.2 mm). Beyond 50000 cycles, the cracks are detectable and can be sized from these 
sequential images.  





Figure 5.1. Linear sequential (i.e. TFM) images, |𝐼𝑠(𝑥, 𝑧)| in arbitrary units at (a) 10000 cycles, (b) 20000 
cycles, (c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 
cycles, (i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 
4.1(a) and the red cross marks the micrographically measured crack tip.  
 
In contrast, the coherent nonlinear images, ̂(𝑥, 𝑧) obtained using equation 4.14 in figures 5.2 
(a-j) show sensitivity to cracks as well as high selectivity of nonlinear features at an earlier stage 
in the fatigue life. The crack was first distinguishable at 20,000 cycles (indicated by a magnitude 
of 0.082 in the nonlinear amplitude metric ̂ higher by a factor of 5 compared with the peak value 




on the starter notch observed at current and previous stages (i.e. SNR1 is equal to 5)), which 
corresponded to a crack length of 0.35 mm as shown in figure 5.4(b). Notably, both the nonlinear 
and linear images in its late fatigue life (as shown in figures 5.1(g-j) and 5.2(g-j)) indicate the 
crack-like features beyond the crack tip micrographically measured on the surface. This is thought 
to be attributed to the through-thickness crack curvature (a natural behavior with fatigue crack 
propagation [Peng et al., 2018]). It is also confirmed by opening the same CT specimen at 135500 
cycles used in Subsection 2.4.1 and obtaining the crack front profile in which the side crack front 
is up to approximately 2 mm less than the middle, as shown in figure 5.2(a). Consequently, the 
indicated crack tip from ultrasonic measurements over the through-thickness crack font is expected 
to be farther from the notch. 
 





Figure 5.2. Nonlinear images in nonlinear amplitude metric, ̂ at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.1(a) and the 
red cross marks the micrographically measured crack tip. 
 
It is worth noting that selectivity of nonlinear defects seen in figures 5.2(b-d) in these early 
stages (e.g. 20000 cycles) is improved significantly by the instrumentation compensation in figure 
5.3(a), without which the uncorrected nonlinear amplitude metric, , from cracks was at the same 
level as those from back wall in figure 5.3(b). Subsequently, from figures 5.2(a-j) it can be 




observed that the peak nonlinear metric is seen to increase until 60000 cycles and then start to 
decrease gradually. It can also be seen that the position of the peak nonlinear metric at each stage 
is consistently close to the micrographically measured crack tip (marked as a red cross). 
Furthermore, the results suggest the crack started to become progressively more open (i.e. the 
nonlinear metric is decreasing and the linear metric is increasing) from 60000 cycles, which is 
consistent with the increased linear amplitude seen in the corresponding linear images in figures 
4.1(b-j). This late-life amplitude effect is thought to be due to fewer contact points across the crack 
faces leading to reduced instances of nonlinear contact acoustic effects (described in Subsection 
1.4.2.2). Note that the change in relative phase δφ has a significantly greater effect than the relative 
amplitude δA on the nonlinear imaging metric (before 60000 cycles), which indicates that the 
nonlinear phase response is more sensitive to cracks at the early stages. This effect will be inferred 
later by the imaging results in the nonlinear phase metric, ?̃? (see figures 5.6 (a-j)). 
 
Figure 5.3. Nonlinear images at 20000 cycles where the crack size was 0.35 mm (a) in nonlinear 
amplitude metric,  and (b) in improved nonlinear amplitude metric ̂. The inspection configuration is as 
illustrated in figure 4.1(a) and the red cross marks the micrographically measured crack tip. 





Figure 5.4. (a) Photo of through-thickness crack curvature at 135500 cycles (b) micrograph of the 
fatigue crack at 20000 cycles. 
 
Figure 5.5(a) shows the relationship between the maximum nonlinear metric (obtained from the 
images shown in figures 5.2(a-j)) and the loading cycles. The error bars denote the standard 
deviation across multiple repeat (between 5 and 8) measurements on the same sample and so 
indicate measurement consistency. Furthermore, another four identical type of specimens were 
loaded to 30000 cycles (resulting in crack lengths varying between 515 μm and 750 μm, as 
presented in figure 5.6) and the measured maximum nonlinear metric shown as the red point in 
Figure 5.5(a). Their mean and standard deviation are calculated over all specimens using 5 repeat 
measurements on each sample each. This then provides some indication of the repeatability 
between different specimens, but is thought primarily to reflect the statistical variance of crack 
growth between samples. Also, figure 5.5(b) shows the ability of pulse-echo amplitude NCI to 
predict the location of the crack tip from 20000 cycles (the starting point where the crack of 0.35 
mm was detectable). 
 
 





Figure 5.5. Maximum nonlinear amplitude metric ̂ during fatigue as a function of (a) number of fatigue 
cycles (blue and red error bars represent standard deviations of multiple measurements on the single 
specimen and across five specimens respectively). (b) Measured crack length in mm from the nonlinear 
image (notch end to position of maximum nonlinear metric ̂) during fatigue as a function of 
micrographically measured crack length in mm.  
 





Figure 5.6. Micrographs of five different fatigue cracks in the same type of CT specimens at 30000 
cycles. 
 
The nonlinear images formed by the pulse-echo phase NCI are presented in figures 5.7(a-j)) 
and show similar nonlinear responses corresponding to those in figures 5.2(a-j). Note that the 
interference from background noise in the nonlinear phase image is limited by identifying the 
backscatterers on the corresponding linear sequential image, 𝐼𝑠(𝑥, 𝑧)  with a threshold (magnitude 
of each pixel in figures 5.1(a-f) is not smaller than 2 in this case). Consequently, the effective 
signal-to-noise ratio of pulse-echo phase NCI can be also defined as the ratio of the absolute value 
of the peak nonlinear phase metric, ?̃? around the nonlinear defect to the absolute value of the peak 




nonlinear phase metric, ?̃? from EDM starter notch. For comparison purpose, the resulting images 
produced by subtracting the absolute amplitude of parallel case,|𝐼𝑝(𝑥, 𝑧)| (defined in equation 4.10) 
from the corrected absolute amplitude of sequential case |𝐼𝑠(𝑥, 𝑧)| are presented in figures 5.8(a-
j)). The images in figure 5.8(b-f) demonstrate that the differences between their absolute 
amplitude, resulting in negative magnitude reveal the elastic nonlinearity of fatigue cracks in the 
middle of the fatigue life. It is also worth noting that the amplitude of back wall increases 
significantly, which implies that the forward scattered field, subjected to some possible distortion, 
leads to the higher amplitude loss in parallel case. The distortion might be attributed to the 
weakened focusing at the crack interface by the effect of point spread function. This finding shows 
good agreement with the results using pitch-catch fundamental NCI in figure 4.6(b). Furthermore, 
the results in nonlinear phase metric, ?̃? (in figure 5.7(a-j)) agree well with the previous statement 
(in Subsection 4.3.2.1) in which the remaining amplitude of the subtracted backscattered fields 
used to yield the nonlinear image ̂ is principally from the differences in phase rather than absolute 
amplitude. 
 





Figure 5.7. Nonlinear images in nonlinear phase metric, ?̃? at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.1(a) and the 
red cross marks the micrographically measured crack tip. 
 





Figure 5.8. The resulting images by subtracting |𝐼𝑝(𝑥, 𝑧)| from |𝐼𝑠(𝑥, 𝑧)| at (a) 10000 cycles, (b) 20000 
cycles, (c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 
cycles, (i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 









5.2.2 Dependence on linear scattering 
 
Inspections performed in which the array insonifies the crack face at normal incidence, as 
illustrated in figure 4.1(a), are particularly well suited to the presented coherent nonlinear imaging 
method because the specular reflection from the crack face allows the nonlinear information 
contained in the wave to be returned to the receiver. Naturally, due to access limits, such a 
configuration is not always possible and consequently it is important to evaluate performance for 
less favourable inspection angles. To this end, imaging was performed with the array positioned 
such that it predominantly insonifies the crack tip as illustrated in figure 4.1(b). Linear sequential 
(i.e. TFM) and coherent nonlinear images for 0 and 100,000 cycles are shown in figures 5.9(a-d). 
Figure 5.9(a) shows that the magnitude, |𝐼𝑠| (defined in equation 4.13) around the starter-notch in 
the linear sequential image is approximately 10% of those from the geometric features. As the 
crack grows, the signals reflected from the EDM starter notch become weaker as the transmitted 
signals are first diffracted by the crack tip.  Additionally, the crack tip itself is seen to exhibit only 
very weak linear scattering. Figure 5.9(d) shows that at 100000 cycles, the nonlinear coherent 
image, ̂(𝑥, 𝑧) shows a feature at the starter-notch tip that is not seen at 0 cycles (i.e. figure 5.9(c)).  
This is thought to be due to the incident field being nonlinearly distorted by the crack and then 
subsequently being linearly scattered by the starter-notch tip (see fuller details in Subsection 
1.4.2.6). No features within the coherent nonlinear image are seen to correspond to the crack tip 
for this inspection angle, meaning that although there is some indication of a nonlinear feature, no 
defect sizing is information is provided.  
 





Figure 5.9. Linear sequential images, |𝐼𝑠(𝑥, 𝑧)| in arbitrary units at (a) 0 cycle and (b) 100,000 cycles. 
Nonlinear images in nonlinear amplitude metric, ̂ at (c) 0 cycle and (d) 100,000 cycles. Nonlinear diffuse 
energy images in nonlinear metric, γ (e) 0 cycle and (f) 100,000 cycles. The inspection configuration is as 
illustrated in figure 4.1(b) and the red cross marks the micrographically measured crack tip. 
 
To confirm that the observed reduced performance of the coherent nonlinear method due to an 
unfavourable incident angle is a consequence of the reduced linear scattering as opposed to a 
reduction in the nonlinear response at this inspection angle, results are also obtained using the NUI 
method. NUI is a technique which is independent of local linear scattering (see more details in 




Subsection 1.4.2.6.3) and consequently can be used to separate the nonlinear response of the 
defect. The NUI imaging method is implemented with the same experimental apparatus using a 
time domain window length of 0.12 ms with the reception start time at 0.1 ms. Nonlinear diffuse 
energy images for 0 and 100000 cycles are shown in figures 5.9(e) and (f) respectively. It can be 
clearly seen that there is a nonlinear response that is in agreement with the location of the fatigue 
crack and not the location of the starter-notch tip. This confirms that nonlinear distortion of the 
field still occurs from this inspection angle. From this investigation it is apparent that it is the 
absence of strong linear scattering in the vicinity of the defect that reduces detectability using the 
pulse-echo amplitude NCI. These results support the hypothesis that NCI methods rely on the 
convolution of nonlinear distortion with the linear scattering response of defects. While it is clear 
that the necessity for linear scattering close to the inspection point represents a distinct 
disadvantage in comparison to nonlinear diffuse energy imaging, the lack of a requirement for a 
measurable diffuse state makes this coherent imaging approach more widely applicable in practice.  
Most importantly, it is realised in figure 5.10 that the pulse echo phase NCI is particularly useful 
when the signals weakly backscattered from the crack. For example, the surface breaking area in 
figures 5.9(a) and (b) are barely visible and their nonlinear information in figures 5.9(c) and (d)  is 
hidden by other strong linear backscattered components in the subtracted nonlinear amplitude 
image, ̂(𝑥, 𝑧). Specifically, the corrected nonlinear amplitude metric ̂ is used to measure the 
amplitude difference rather than the amplitude ratio of two focusing (i.e. the metric is 
unnormalised to one of their amplitude). As a consequence of imperfect linear subtraction, the 
linear residual features in a nonlinear image, ̂(𝑥, 𝑧)  (seen in bottom region of figure 5.9(d) 
corresponding to the highly linear scatterers in 5.7 (b)) dominates the imaging performance. That 
is to say, the absolute amplitude of residual linear features in the subtracted image, ̂(𝑥, 𝑧) is 
directly proportional to their amplitude in corresponding linear image, |𝐼𝑠(𝑥, 𝑧)| . Hence, the 
increase in backscattered amplitude amplifies the differences in amplitude between parallel and 
sequential focusing due to small residual instrument nonlinearities despite the instrumentation 
compensation. The amplitude-dependent effect remains as artefacts in the nonlinear amplitude 
image after the subtraction.  
However, the nonlinear metric, ?̃?  for phase NCI is thought to reveal elastic nonlinearities 
hidden behind weak backscatterer by eliminating the effect of imperfect amplitude subtraction. 




Figures 5.10 (a-j) present the nonlinear images from 10000 cycles to 100000 cycles, using pulse-
echo phase NCI with the same configuration in figure 4.1(b), from which it can be seen that the 
detectability of the cracks near the notch tip starts at 30000 cycles. As presented in figure 5.10(d), 
the peak value of ?̃?(equal to 0.0596) is seen in the vicinity of the crack tip at 40000 cycles. 
Subsequently, the nonlinear metric ?̃? close to the notch tip decreases with increasing number of 
cycles. These observations are consistent with the results using ̂(𝑥, 𝑧) (see figures 5.2(a-j)) and 
?̃?(𝑥, 𝑧) (see figures 5.7(a-j)) in different arrangement. Note that the interference from background 
noise is limited by identifying the backscatterers on the corresponding linear sequential image with 
a threshold of 0.4 (e.g. 𝐼𝑠(𝑥, 𝑧) in figures 5.9(a) and (b) is not smaller than 0.4). The results in 
figure 5.10 suggest good agreement with the hypothesis that the amplitude-dependent effect does 










Figure 5.10. Nonlinear images in nonlinear phase metric, ?̃? at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.1(b) and the 
red cross marks the micrographically measured crack tip. 
 
5.2.3 Pitch-catch nonlinear coherent imaging 
 
This study is conducted in order to explore the capability of forward scattered field as a measure 
of elastic nonlinearity induced by different sizes of fatigue cracks. In addition, through this study 
the imaging results can be compared with those from pulse-echo NCI, thereby determining the 
detection limits and applicability of each NCI method. The experimental procedures for pitch-
catch fundamental NCI and pitch catch subharmonic NCI (as described in Subsection 4.4.1) are 
used in this study. Their experimental configurations are illustrated in figures 4.5(a) and (b) 




respectively. The pitch-catch fundamental NCI is expected to detect the crack earlier than the 
pulse-echo method by capturing through-transmission signals distorted at crack closure. This is 
because this method does not necessitate the formation of partially open cracks to backscatter the 
nonlinearly distorted waves. In addition, the pitch-catch subharmonic NCI is implemented on this 
crack monitoring, in order to understand the change in nonlinear subharmonic response with 
increasing crack size although its response corresponds to part of fundamental loss. 
 
5.2.3.1 Fundamental measurement 
 
Figures 5.11 (a-j) display linear images yielded by linear sequential (TFM) imaging, |𝐼𝑠(𝑥, 𝑧)| 
(indicated in equation 4.13) from 10000 cycles to 100000 cycles. In contrast to the pulse echo 
method, pitch-catch sequential imaging results are difficult to reveal the actual size of cracks 
throughout its fatigue life. The change in linear images with increasing cycles predominantly arises 
from the forward field scattered by the growing cracks. It can be seen that the amplitude of through-
transmission waves is decreasing with increasing crack length.  
 
 
Figure 5.11. Linear sequential images, |𝐼𝑠(𝑥, 𝑧)| in arbitrary units at (a) 10000 cycles, (b) 20000 cycles, 
(c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, 
(i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.5(a) and 
the red cross marks the micrographically measured crack tip.  
 




However, the pitch-catch nonlinear images, ̂(𝑥, 𝑧) obtained using equation 4.14 in figures 5.12 
(a-j) reveal presence of cracks and deliver high selectivity of nonlinear features from 20000 cycles 
in the fatigue life. The detection of the crack tip starts at 20000 cycles (indicated by a magnitude 
(0.055) in the nonlinear metric ̂ higher by a factor of 3 compared with the peak value on the starter 
notch observed at current and previous stages (i.e. SNR1 is equal to 3) is same as that of pulse-
echo NCI. Notably, the highest nonlinearity (equal to 0.2205 in ̂) throughout its fatigue life is 
seen at 50000 cycles, which appears slightly earlier than that from pulse-echo measurement. 
Subsequently, the nonlinearities measured by ̂ decrease at increasing rate with the number of 
cycles. It should be noted that the nonlinear responses observed in nonlinear images, ̂(𝑥, 𝑧) are 
principally attributed to the difference in absolute amplitude between sequential and parallel 
focusing. Some evidence is provided by similar features seen in the resulting images (as presented 
in figure 5.13(a-j)) generated through the subtraction of parallel absolute amplitude, 
|𝐼𝑝(𝑥, 𝑧)| from sequential absolute amplitude, |𝐼𝑠(𝑥, 𝑧)|. Furthermore, the nonlinear phase images, 
?̃?(𝑥, 𝑧) in figure 5.14(a-j) also show that the pitch-catch fundamental NCI is not dependent on 
the phase change of parallel and sequential focusing, due to unclear indication of elastic 
nonlinearity from the growing cracks. Note that the interference from background noise in the 
nonlinear phase images is limited by identifying the backscatterers on the corresponding linear 
sequential image with a threshold of 0.5 (magnitude of each pixel in figures 5.11(a-f) is not smaller 
than 0.5 in this case). 
 
 





Figure 5.12. Nonlinear images in nonlinear amplitude metric,  ̂at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.5(a) and the 
red cross marks the micrographically measured crack tip. 
 
 
Figure 5.13. The resulting images by subtracting |𝐼𝑝(𝑥, 𝑧)| from |𝐼𝑠(𝑥, 𝑧)| at (a) 10000 cycles, (b) 20000 
cycles, (c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 
cycles, (i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 
4.5(a) and the red cross marks the micrographically measured crack tip. 
 





Figure 5.14. Nonlinear images in nonlinear phase metric, ?̃?at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.5(a) and the 
red cross marks the micrographically measured crack tip. 
 
5.2.3.2 Subharmonic measurement 
 
Figures 5.15(a-j) present similar linear features (as seen in figures 5.11(a-j)) generated from 
sequential (i.e. TFM) subharmonic imaging, |𝐼𝑠(𝑥, 𝑧)| (see equation 4.13) from 10000 cycles to 
100000 cycles. As a consequence of the similar features, these linear results might predominantly 
arise from the linear subharmonic components within transmission bandwidth. Since the region of 
closed cracks in these linear sequential images does not exhibit any notably high magnitude the 
nonlinear subharmonic responses induced by the cracks are thought to be negligible compared to 
the linear subharmonic components, so that the nonlinearity of cracks cannot be determined by the 
change in linear images.  
 





Figure 5.15. Linear sequential images, |𝐼𝑠(𝑥, 𝑧)| in arbitrary units at (a) 10000 cycles, (b) 20000 cycles, 
(c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, 
(i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.5(b) and 
the red cross marks the micrographically measured crack tip.  
 
However, the subtracted nonlinear images, ̂(𝑥, 𝑧) obtained using equation 4.14 in figures 5.16 
(a-j) reveal comparable nonlinear features (to those observed in figures 5.12) around the cracks 
and deliver high detectability of crack tip from 30000 cycles in the fatigue life. By comparing with 
the detectability (earlier detection at 20000 cycles) of pulse-echo NCI and pitch-catch fundamental 
NCI, the delay in detecting the crack is primarily due to small portion of nonlinear responses 
evaluated in subharmonic NCI. Specifically, the earliest detection point at 30000 cycles is 
indicated by a magnitude (0.043) of the nonlinear metric ̂ higher by a factor of 4 relative to the 
highest background level seen at current and previous stages. Notably, the nonlinearities measured 
by ̂ increase to its highest value (equal to 0.1387) at 80000 cycles, which appears much later than 
those from pulse-echo and pitch-catch fundamental measurements. Subsequently, the 
nonlinearities indicated by ̂ also decrease at increasing rate with increasing crack size. Again, the 
nonlinear responses seen in nonlinear amplitude images, ̂(𝑥, 𝑧)  primarily arise from the 
difference in absolute amplitude between sequential and parallel focusing (seen in figure 4.7 (b)).  
Some evidence is provided by similar features seen in the resulting images (as presented in figure 
5.17(a-j)) generated through the subtraction of parallel absolute amplitude, |𝐼𝑝(𝑥, 𝑧)| from 




sequential absolute amplitude, |𝐼𝑠(𝑥, 𝑧)| . It is worth noting that the nonlinear phase images, 
?̃?(𝑥, 𝑧) in figure 5.18(b-g) show that the pitch-catch subharmonic NCI is sometimes dependent 
on the phase change of parallel and sequential focusing, due to increasing ?̃? with growing cracks 
(from 20000 cycles to 70000 cycles), as a measure of elastic nonlinearity. Note that the interference 
from background noise in the nonlinear phase images is limited by identifying the backscatterers 
on the corresponding linear sequential image with a threshold of 0.5 (magnitude of each pixel in 
figures 5.15(a-f) is not smaller than 0.5 in this case). 
 
 
Figure 5.16. Nonlinear images in nonlinear amplitude metric, ̂ at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.5(b) and the 
red cross marks the micrographically measured crack tip.  
 





Figure 5.17. The resulting images by subtracting |𝐼𝑝(𝑥, 𝑧)| from |𝐼𝑠(𝑥, 𝑧)| at (a) 10000 cycles, (b) 20000 
cycles, (c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 
cycles, (i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 
4.5(b) and the red cross marks the micrographically measured crack tip. 
 
 
Figure 5.18. Nonlinear images in nonlinear phase metric, ?̃?at (a) 10000 cycles, (b) 20000 cycles, (c) 
30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, (i) 
90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.5(b) and the 
red cross marks the micrographically measured crack tip. 
 
 






A family of coherent nonlinear ultrasonic imaging techniques (known as pulse-echo amplitude 
NCI, pulse-echo phase NCI, pitch-catch fundamental NCI and pitch-catch subharmonic NCI) were 
used to effectively localise and quantify the extent of cracking by predominantly evaluating 
differences in phase or absolute amplitude of parallel and sequentially focused fields. In pulse-
echo case, the linear sequential and parallel (i.e. TFM) images reveal essentially geometric 
information from sample boundaries and large defects, whereas all the types of coherent nonlinear 
amplitude images reveal nonlinear features such as partially-closed cracks and crack tips. The 
ability of pulse-echo and pitch-catch NCI to effectively monitor fatigue crack growth has been 
demonstrated (as presented in Figures 5.2, 5.7 and 5.12) on fatigue cracking in mild steel from a 
crack length of 350 μm (circa. 15% of fatigue life). Localisation of the crack tip was realisable by 
observing the peak nonlinear metric with an accuracy of less than 1 mm.  
Further, it was manifested that significant improvements in linear feature suppression through 
appropriate compensation for instrumentation nonlinearity could provide the ability to better 
distinguish the nonlinear defect from other geometric (i.e. linear) features particularly in their early 
fatigue life (e.g. at 20000 cycles as presented in figures 5.3(a) and (b)). By studying the influence 
of inspection angle, in conjunction with NUI measurements, evidence was provided to show that 
the performance of pulse-echo NCI methods is dependent on the convolution of nonlinear 
distortion with the linear scattering response of defects. Nonetheless, the pulse-echo phase 
measurements of NCI demonstrate its unique capability on improving detectability by revealing 
nonlinear responses in phase from those weak backscattered signals. In addition, the pitch-catch 
fundamental and subharmonic NCI measurements also demonstrate that the forward scattered 
fields can be used to monitor crack growth and improve the detectability at early stages. Note that 
the pitch-catch fundamental and subharmonic NCI technique principally rely on the difference in 
absolute amplitude (the same basis used in NUI).  
 
 



























10000 0.527 0.706 0.122 (right) 
0.923 (top) 
1.334 1.392 1.019 
20000 0.747 3.572 1.730 (right) 
1.021 (top) 
3.807 3.176 1.039 
30000 0.805 7.060 6.789 (right) 
3.397 (top) 
8.336 3.140 1.050 
40000 0.880 10.186 15.110 (right) 
5.183 (top) 
8.873 3.317 1.065 
50000 0.926 13.131 15.392 (right) 
7.042 (top) 
15.041 4.270 1.133 
60000 0.909 17.903 16.445 (right) 
8.836 (top) 
15.105 3.519 1.133 
70000 0.976 13.926 12.275 (right) 
1.624 (top) 
11.139 3.073 1.152 
80000 0.963 10.609 9.475 (right) 
2.185 (top) 
9.465 3.519 1.172 
90000 0.987 9.376 6.931 (right) 
2.043 (top) 
10.740 5.404 1.316 
100000 1.006 5.245 4.265 (right) 
2.287 (top) 
9.881 6.985 1.422 
Table 5.1. Signal-to-noise ratios, SNR1s produced by NCI, linear sequential TFM and NUI technique 
on monitoring crack growth. 
 
Most importantly, the imaging performance of all the types of NCI metrics (defined in equation 
4.14 and 4.19), NUI metric (defined in equation 2.3) as well as the linear sequential (TFM) imaging 
metric (defined in equation 4.13 and using the configuration as displayed in 4.1(a)) on monitoring 




crack growth is quantitatively summarised in table 5.1 by using the SNR1 (defined earlier in 
Section 5.2) to estimate their selectivity. Note that two SNR1s from the nonlinear phase images 
(referred to ‘right’ and ‘top’ in table 5.1) are produced by the pulse-echo phase NCI using the 
configurations in figures 4.1(a) and (b) respectively. Specifically, the SNR1s are produced from 
the imaging results on the same CT specimen as presented in figures 5.1(a-j), 5.2(a-j), 5.7(a-j), 
5.10(a-j)), 5.12(a-j), 5.16(a-j) and A.12 respectively. As indicated in table 5.1, the pulse-echo 
amplitude NCI, the pulse-echo phase NCI as well as the pitch-catch deliver the most effective 
quantification of the crack size by showing the significantly increasing SNR1 from the early stage 
of the fatigue life to the middle stage and then the decreasing SNR1 with the increasing fatigue 
cycles. 
 
This reliance of linear scattering is a limitation of the pulse-echo NCI technique not present for 
NUI imaging. However, the principal disadvantage to the NUI technique is the necessity for a 
measurable diffuse state. This prevents the applicability to large structures and highly attenuating 
materials, for which the signal amplitude would become immeasurable by the time a diffuse state 
is formed. Therefore, it is unlikely to be effective in heavy industry applications. Furthermore, the 
NCI techniques outperform the NUI method in terms of the signal-to-noise ratio (as presented in 
table 5.1) and the measurement consistency if figures 2.4(b) and 5.5(a) are compared. In numerous 
engineering industries, a linear backscatterer is often realisable because the crack usually initiates 
from the surface of structures, which is known as surface breaking crack (SBC). Consequently, 
despite the observed limitations, the NCI techniques considered here are practically more widely 
applicable than NUI.  Last but not least, the pitch-catch fundamental and subharmonic NCI have 
presented their ability on monitoring cracks, so that their potentials are worth to being further 









5.3 Detection of surface breaking cracks  
The NCI results described in Subsection 5.2.2 suggest that the pulse-echo amplitude NCI 
necessitate a linear scatterer to backscatter the signals distorted by nonlinear defects (e.g. closed 
cracks). Surface breaking crack (SBC) induced by fatigue loading, seen in many aged engineering 
structures (e.g. pipelines, bearings and pressure vessels), satisfies the requirements of pulse-echo 
NCI. The linear NDT techniques cannot distinguish the early stage cracks from linear 
discontinuities near the surface. Therefore, the pulse-echo amplitude NCI technique is now 
explored on samples with surface breaking cracks generated by fatigue tests. In order to quantify 
the performance of pulse-echo amplitude NCI relative to that of linear sequential (TFM) method,  
signal-to-noise ratio, SNR2 is defined as the maximum absolute value in each imaging metric from 
the area of the SBC to its peak absolute value from the back wall, at which the SBC locates. 
 
5.3.1 Three-point bending specimen 
 
The single-edge notched bend aluminium (2014-T6) specimen of dimensions 342 mm × 76 mm 
× 31.5 mm, used in previous works for SBC inspection [Peng et al., 2018], is examined by pulse-
echo NCI technique. The same ultrasonic phased array used in Chapter 4.2 was positioned on the 
top face perpendicular to the crack face (as illustrated in figure 5.19). Fatigue cracks were grown 
until the length were about 6 mm. Subsequently, SBCs were fabricated by machining along the 
dashed line shown in Figure 5.19 to remove the EDM starter notch and keep the fatigue cracks of 
a size of 3 mm. Finally, further material was then removed by 0.5 mm in depth from the back wall 
of this specimen. Therefore, the pulse-echo amplitude NCI was conducted on this specimen with 
back wall at two different depths (38.5 mm and 38 mm) in order to confirm its detectability of the 
SBC dependent on the depth of back wall and explore the nonlinear responses from different part 
of the cracks.  





Figure 5.19.  Schematic diagram of pulse-echo NCI measurement configuration on specimen subjected to 
three-point bending fatigue test (dimensions in mm). 
 
Figures 5.20(a) and (b) present the linear sequential images 𝐼𝑠(𝑥, 𝑧) with back walls in two 
different depth (38.5 mm and 38 mm respectively) from which it can be seen that the back wall, 
indicated by the peak value on each image, shifts upward by 0.5 mm (one-pixel size). In addition, 
the discontinuities around the centre of back wall seen in linear images arise from the SBCs. 
Nonetheless, the features seen in the linear image cannot estimate the source of the shadowing 
effects as a consequence of inability to characterise the surface discontinuities. The separation of 
linear and nonlinear modalities is not achievable in the case of linear imaging. In practice it is 
however important to distinguish a closed crack from other small linear scatterers.  
Figure 5.20(c) and (d) show the nonlinear images with instrumentation compensation computed 
from the pixels on back wall. The results in nonlinear metric ̂ suggest that the SBCs can be 
selectively detected, and its maximum nonlinear responses appear in the vicinity of the surface. 
Figures 5.21(a-d) present the amplitude ratio 𝛿𝐴(𝜔) (defined in equation 4.7) and the relative 
phase 𝛿𝜑(𝜔) (defined in equation 4.8) at SBC and back wall against frequency from which it can 
be seen that high amplitude ratio 𝛿𝐴(𝜔) dominates the nonlinear response at the SBC. Previous 
results in Chapter 4.3 suggest that the NCI by measuring forward scattered field depends on the 
amplitude ratio of parallel and sequential focusing. Therefore, the observed nonlinear features in 
figures 5.20(c) and (d) are thought to be attributed to the forward field being nonlinearly distorted 
by the closed cracks and subsequently being linearly scattered by the back wall. Furthermore, the 
highly negative value of 𝛿𝜑(𝜔) seen in figures 5.21(b) and (d) is also in agreement with previous 
results in Subsection 5.2.2, indicated by notably negative ?̃? , near the notch tip (i.e. surface) 




obtained from the same experimental configuration, as shown in figures 5.10(h-j). Hence, the part 
of a fatigue crack close to the surface (i.e. crack initiation area) tends to yield negative phase 
difference (with a factor of at least 2 stronger than small negative background noise) indicated by 
?̃? or 𝛿𝜑(𝜔) with the inspection angle illustrated in figures 4.1(b) and 5.19. 
 
 
Figure 5.20. Linear sequential (TFM) images, |𝐼𝑠(𝑥, 𝑧)| in which the back wall is at a depth of (a) 38.5 
mm and (b) 38 mm in arbitrary units. Nonlinear images using pulse-echo amplitude NCI in which the 




back wall is at a depth of (c) 38.5 mm and (d) 38 mm in nonlinear amplitude metric, ̂. The inspection 
configuration is as illustrated in figure 5.19. The location of the back wall is shown with white line. 
 
Figure 5.21. (a) Amplitude ratio, δA and (b) relative phase in radians, δφ against frequency at a SBC and 
undamaged back wall at a depth of 38.5 mm. (c) Amplitude ratio, δA and (d) relative phase in radians, δφ 
against frequency at a SBC and undamaged back wall at a depth of 38 mm. Note that error bars denote 











5.3.2 Compact tension specimen 
The other feasibility study was conducted on an appropriate example (the same aluminium 
sample with two drilled holes used in [Potter et al., 2014]). As shown in figure 5.22, the fatigue 
cracks in this sample were first grown by cyclic tensile load with the same procedure described in 
Subsection 3.2.1. Subsequently, one hole was drilled over the front part of the cracks 
approximately 2.5 mm away from the crack tip to emulate surface break cracking. An identical 
hole, as a linear reference, was drilled at the same depth about 15 mm away. Previous NUI results 
demonstrate that only the fatigue crack tip is selectively imaged and neither of the holes are visible.  
To detect this artificial SBC the pulse-echo amplitude NCI technique is examined on the sample 
with the same experimental arrangement used in NUI (described in Subsection 2.3.2). Figure 5.23 
shows the linear sequential image 𝐼𝑠(𝑥, 𝑧) from which it can be seen that the linear scattering is 
presented corresponding to the actual geometries of the back wall and two drilled holes. The 
existence of SBC cannot be confirmed from the linear image. However, the nonlinear image ̂ (as 
shown in figure 5.24) reveals the actual position of SBC by measuring backscattered signals 
containing the nonlinearities generated from the SBC.  Figures 5.25(a) and (b) demonstrates that 
the NCI results here rely on both the amplitude ratio and phase difference of two focusing, which 
might be attributed to the combined effect of backward and forward scattered nonlinear distortions. 
 
 
Figure 5.22. Schematic diagram of pulse-echo NCI measurement configuration on specimen subjected to 
fatigue tensile test (dimensions in mm). 
 
 





Figure 5.23. Linear sequential image, |𝐼𝑠(𝑥, 𝑧)| in arbitrary units. The inspection configuration is as 
illustrated in figure 5.22. The location of the back wall and two drilled holes are shown with white lines. 
 
 
Figure 5.24. Nonlinear image using pulse-echo amplitude NCI in nonlinear amplitude metric, ̂. The 
inspection configuration is as illustrated in figure 5.22. The location of the back wall and two drilled holes 
are shown with white lines. 





Figure 5.25. (a) Amplitude ratio, δA and (b) relative phase in radians, δφ against frequency at a SBC and 






























As presented in table 5.2, the detectability of SBCs grown in two aluminium specimens using 
pulse-echo amplitude NCI technique can be improved significantly if the signal-to-noise ratio, 
SNR2 of nonlinear amplitude metric, ̂ and the linear sequential (TFM) metric, 𝐼𝑠 are compared. 
The results demonstrate that the existence of strong linear backscatterers near the surface allows 
the nonlinear responses from SBC in forms of phase and absolute amplitude to be measured. The 
nonlinear responses measured by ̂ are thought to arise from the combined effect of back and 
forward scattered nonlinear distortions. The consistent nonlinear phenomenon in phase is seen in 
results from both the steel CT specimen and the aluminium specimen subjected to three-point 
bending fatigue test (as presented in figures 5.10(h-j)) and figures 5.21(b) and (d) respectively). 
Specifically, their results suggest that the phase difference between sequential and parallel 
focusing, measured by 𝛿𝜑 or ?̃?  at the cracked surface tend to become positive in sign with 
decreasing distance from the crack initiation area to the crack tip. 
 Finally, the cracked surface 2.5 mm away from the crack tip (in an aluminium sample with a 
15 mm long crack) was examined by the metric, ̂. For a cracked area much closer to the crack tip 
(indicated by a percentage of the overall crack length, equal to 16 % in this case), the pulse-echo 
amplitude NCI results might be dependent on both measurable amplitude ratio and significantly 
stronger phase difference in positive sign of two focusing.  
 
Sample SNR2 (linear sequential, 
TFM) 
SNR2 (pulse-echo amplitude 
NCI) 
Three point bend specimen 
with a 3 mm long SBC  
0.461 16.006 
Three point bend specimen 
with a 2.5 mm long SBC 
0.439 9.807 
Compact tension specimen 0.462 7.27 
Table 5.2. Signal-to-noise ratio, SNR2 produced by pulse-echo amplitude NCI and linear sequential 
TFM technique on detecting SBCs. 
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CHAPETER 6- CONCLUSIONS 
This chapter summarises the key findings described in the previous chapters. In addition, this 
chapter proposes some recommendations for further work on nonlinear imaging for non-
destructive testing and describe possible multidisciplinary applications of this research. 
6.1 Conclusions 
In Chapter 2, a systematic monitoring process was designed for examining nonlinear ultrasonic 
diffuse energy imaging (NUI) and total focusing method (TFM) techniques on detecting fatigue 
cracks in three identical compact tension (CT) steel specimens. The experimental results presented 
show that monitoring fatigue crack growth in mild steel using the NUI technique was effective 
from 15% fatigue life. The NUI technique was performed using a commercially available array 
and array controller. The same instrumentation was also used to simultaneously produce traditional 
high resolution linear TFM images. These linear images did not reveal any detectable changes in 
these early stages of fatigue. The amplitude of nonlinearity was shown to be a measure of progress 
of the early stages (15%-50% fatigue life) of fatigue crack growth. The experiments showed that 
statistically significant amplitude increases were measurable for cracks of 250 m length and 
greater. As crack growth continued the location of maximum nonlinearity was used to measure the 
extent of the cracking. For larger cracks (i.e. greater than 250 m) the NUI technique becomes a 
form of nonlinear imaging, mapping out the extent of a given crack. As the same instrumentation 
is used, linear and nonlinear images can be produced simultaneously and these contain 
complementary information. Whilst the linear images will reveal essentially geometric 
information from sample boundaries and large defects, the NUI images will reveal nonlinear 
features such as partially-closed cracks and crack tips. The NUI results were obtained with the 
array positioned directly above the crack, an orientation that typically results in poor linear imaging 
as the signals reflected directly from the crack tip are small.  It is noted that the orientation (i.e. 
array directly above the defect) used in NUI is potentially beneficial as it reduces access limits 
relative to traditional linear array imaging (which would typically be performed as an angle 
inspection). The NUI technique therefore both improves sensitivity and reduces access limitations 




making it a viable prospect for in-situ or permanent fatigue monitoring of, for example, pipework 
or pressure vessel welds.  
In research prior to this thesis, the parameters used in NUI were empirically determined by 
examining the technique on specific, well known samples (i.e. the existence of a defect is known). 
As a consequence, Chapter 3 presented multiple optimisations of NUI technique through a detailed 
parametric study, wave field characterisation and three-dimensional imaging. In order to quantify 
the NUI performance of fatigue cracks, the unique signal-to-noise ratio, SNRall was decided to 
examine the effect of aperture size, data averaging, reception bandwidth and centre frequency. The 
results suggest that the selectivity of the crack tip (relative to linear geometric features) increases 
with the aperture size as a consequence of stronger physical focusing at the crack tip. Whilst the 
signal (as a superposition of elastic nonlinearity and incoherent noise) without averaging is notably 
larger than the one with averaging the background noise can be suppressed by a greater percentage 
if the averaging is applied. Therefore, the NUI performance can be improved significantly by 
taking N (equal to aperture size) averages in sequential transmission and using a large aperture 
size. 
Reception bandwidth and centre frequency in post-processing principally determine the 
imaging performance. This is a consequence of a compromise between suppression of 
contributions from side transmission bands and maximisation of the effective fundamental 
bandwidth. The generic approach is to map SNRall by examining single set of parallel and 
sequential data with different combinations of reception bandwidth and centre frequency. The 
results demonstrated that the smaller bandwidth resulted in the higher SNRall at any centre 
frequency between 4.8 MHz and 7.8 MHz in a specific case. Furthermore, the value of SNRall 
increased until the centre frequency rose to 7.8 MHz. The upper threshold of centre frequency was 
found to be determined by transducer bandwidth at no less than -8 dB. The NUI results 
corresponding to the highest and the lowest SNRall values seen on the map suggest that the higher 
centre frequency combined with the smaller bandwidth can improve the SNRall through 
significantly reducing the background noise by 50%.   
The prediction of the diffuse field state is also important for the NUI technique. Furthermore, 
the same phased array used in NUI can be implemented to measure the diffuse field more 
efficiently and effectively compared with previous works using single transducers [Evans and 
Cawley, 1999]. The measurement of energy in diffuse field is used to predict the time at which a 




diffuse state is first reached (i.e. estimation of the smallest gate start time tr). This is important as 
the SNR decreases with time. As a consequence, three metrics (as measures of variations in energy 
area, ηarea, maximum energy, ηmax, and phase coherence, ηphase) used for diffuse field verification 
were proposed and examined on analytical, experimental and numerical data. The analytical data 
was formed by using the white noise as a representation of a perfectly diffuse state. In addition, 
the finite element (FE) and experimental data were obtained by transmitting and receiving signals 
in sequential mode on an undamaged aluminium sample. The simulated FE signals were used to 
indicate early and late state of coherent wave field. Therefore, the efficacy of these three metrics 
was examined by comparing the experimental results with FE results and simulated white noise. 
The results suggest that both of the metrics ηarea and ηphase were able to effectively identify the 
change from coherent field to diffuse field of experimental signals according to the reference 
values generated from FE data and decayed white noise. Furthermore, the effect of window size, 
T, was studied by using the same metrics ηarea and ηphase. Its results demonstrated that the larger T 
delivered higher diffusivity and the preferred size of 0.12 ms indicated by the convergence of ηarea 
and ηphase was consistent with the empirical value obtained from the experimental optimisation of 
NUI performance on crack detection. Eventually, investigations using these two metrics were 
conducted on one of the steel CT specimens used in Chapter 2. The results corresponding to 
empirical values (i.e. optimal tr at 0.1 ms and optimal T in 0.12 ms) were confirmed by observing 
the tr, at which both ηarea and ηphase converged to reference values of diffuse state. This then 
demonstrated that both ηarea and ηphase can quantitatively predict the diffuse field start time as well 
as the optimal window size T by comparing their magnitude with the optimum diffuse state (15 % 
for ηarea and 1 for ηphase) and estimating the convergence start point. 
In order to allow the NUI to explicitly reveal 3D information about size and profile of nonlinear 
defects (e.g. closed fatigue cracks) a novel technique termed 3D NUI was developed. This 
technique is particularly important for improving the detectability of volumetric defects, i.e. 
defects other than planar cracks. The principle is to control the array elements within a 2D array 
probe with independent delay laws, thereby achieving the physical and synthetic focusing (known 
as parallel and sequential focusing) at each volumetric pixel. This technique was implemented on 
the aluminium sample used in Section 3.2 and the results show that the imaging performance is 
depending on the amount of physical energy at focal point because the highest nonlinear metric (γ) 
appeared in the centre of y-axis (middle of its thickness). In practice, 3D NUI with multiple lateral 




array elements is thought to bring the benefits of accurate localisation and quantification for the 
cracks in changing size and locations through thickness of the structure. 3D NUI technique may 
also improve the inspection efficiency over the traditional 3D scanning techniques.  
In Chapter 4, four different forms of coherent nonlinear ultrasonic imaging (NCI) were 
proposed to effectively localise and quantify the extent of cracking by evaluating differences in 
parallel and sequentially focused fields. The first NCI method (termed pulse-echo amplitude NCI) 
was developed based upon the relative nonlinear responses in absolute amplitude and phase of two 
focused fields. This technique reveals nonlinear features such as partially-closed cracks and crack 
tips in the subtracted nonlinear images (measured by the amplitude metric of NCI, ). Further, the 
second NCI method (referred to pulse-echo phase NCI) only measures the phase information of 
the nonlinear responses and then exploits it to images the cracks. The results suggest that it can 
improve the selectivity of cracks by suppressing the averaged background noise level from -6 dB 
(measured by the amplitude metric ) to -9 dB (measured by the phase metric of NCI, 𝜑). The 
essentially geometric information from sample boundaries and large defects can be also presented 
with the same apparatus in the linear sequential and parallel images (indicated by linear amplitude 
metrics, |𝐼𝑠(𝑥, 𝑧)| and |𝐼𝑝(𝑥, 𝑧)| respectively). 
Two further variants of NCI techniques using the different arrangement (known as pitch-catch 
fundamental NCI and pitch-catch subharmonic NCI) were also developed by measuring forward 
scattered amplitude at the opposite side using the amplitude metric , . This configuration also 
demonstrated its sensitivity to crack closure by capturing the waves at either subharmonic or 
fundamental frequencies. However, it was found that this method (i.e. the use of forward scattered 
field) predominantly relied on the difference in the absolute amplitude (not the phase) between 
sequential and parallel focusing.  
Furthermore, the NCI of fundamental waves were seen to deliver the highest selectivity of 
acoustic nonlinearity. The NCI methods mentioned above were then optimised by suppressing the 
instrumentation noise obtained from the baseline measurements of relative phase and absolute 
amplitude at the back wall. The corrected amplitude and phase metrics are termed as  ̂ and ?̃? 
respectively.  
In Chapter 5, a substantial number of experimental works were performed on a range of 
samples, thereby exploring the applications of NCI techniques as well as their repeatability and 




accuracy of detecting defects. The capability of pulse-echo NCI methods to effectively monitor 
fatigue crack growth was first demonstrated on fatigue cracking in mild steel from a crack length 
of 350 μm (circa. 15% of fatigue life). The results also suggest that the pulse-echo methods, using 
metrics ?̃? and ̂, predominantly rely on the nonlinear responses in phase. Localisation of the crack 
tip from 20000 cycles to 100000 cycles was achieved by identifying the maximum nonlinear 
metric with an accuracy of less than 1 mm. This error (up to 1 mm) was attributed to the existing 
through-thickness curvature at the crack fronts. Furthermore, significant improvements in linear 
feature suppression were realised through instrumentation noise compensation, delivering the 
capability to more clearly distinguish the nonlinear defect from other geometric (i.e. linear) 
features especially in their early fatigue life (e.g. at 20000 cycles, 15% fatigue life).  
Through studying the effect of inspection angle, in conjunction with NUI measurements, it was 
shown that the performance of pulse-echo NCI methods is dependent on the convolution of 
nonlinear distortion with the linear scattering response of defects. This dependence of linear 
scattering is a limitation of the pulse-echo NCI technique not present for NUI imaging. 
Nonetheless, the main disadvantage to the NUI technique is the reliance of a measurable diffuse 
state. This prevents the applicability to large structures and highly attenuating materials, for which 
the signal amplitude would become immeasurably small by the time a diffuse state is formed. As 
a consequence, it is unlikely to be applicable in heavy industry applications. Such situations 
necessitate the use of the early-time, coherent component of the field instead. Furthermore, the 
NCI techniques significantly improve the signal-to-noise ratio and the measurement consistency 
compared with the NUI method. In many engineering industries, the crack generally initiates from 
the surface of structures (e.g. rail, pipeline, pressure vessel and bearing), so that a linear 
backscatterer is often realisable and detectable. Notably, the pulse-echo phase NCI presented the 
enhanced detectability by extracting nonlinear phase information from weak scattering at the notch 
tip. Results from monitoring the crack growth with pulse-echo phase NCI suggest that the 
nonlinearities close to surface breaking area measured by ?̃? increased until 40000 cycles and then 
decreased to detectable magnitude in opposite sign. Therefore, the pulse-echo NCI technique 
considered here is practically more widely applicable than NUI. 
 In addition, the pitch-catch fundamental and subharmonic NCI measurements using ̂ 
demonstrated that the forward scattered fields were able to monitor the crack growth as well and 




improve the selectivity at late stages (e.g. the signal-to-noise ratio at 100000 cycles is enhanced 
by a factor of 2 when the pitch-catch fundamental NCI and pulse echo amplitude NCI are compared 
in table 5.1). Note that the pitch-catch methods principally depend on the difference in absolute 
amplitude (the same basis used in NUI). The imaging results of the various types of NCI on the 
steel CT sample throughout its fatigue life suggest that this technique without the use of a 
measurable diffuse field potentially provides 3-18 times higher signal-to-noise performance over 
the NUI technique using the same instrumentation. 
The improvement in the detectability of surface breaking crack (SBC) using pulse-echo 
amplitude NCI technique was further confirmed by examining the metric ̂on two aluminium 
specimens with fatigue cracks of different size at the back wall. The results demonstrated that the 
existence of strong linear backscatterers near the surface could allow the nonlinear responses from 
SBC in forms of phase and absolute amplitude to be measured. The nonlinear responses measured 
by ̂  are thought to arise from the combined effect of back and forward scattered nonlinear 
distortions. The consistent nonlinear phenomenon in phase was seen in results from both the steel 
CT specimen and the aluminium specimen subjected to three-point bending fatigue test. These 
preliminary studies conclude that the metric used in pulse-echo amplitude NCI, ̂ also rely on 
different part of the cracks and the SBCs are thought to be detectable by the pulse-echo NCI with 
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6.2 Future work 
1) The optimisation methods described in Chapters 3 and 4 are suitable for integration with the 
corresponding nonlinear imaging approaches (NUI and NCI), thereby achieving an automated 
process from identification of the optimum parameters to visualisation of the area of interest. For 
example, prior to implementation of NUI technique on an unknown structure, the diffuse field 
prediction method using the metrics ηarea and ηphase can first determine the optimum values of tr 
and T by comparing their experimental results to the idealised diffuse state (15 % for ηarea and 1 
for ηphase) and identifying the convergence start point. This automated and adaptive process will 
greatly improve the efficiency and the simplicity of practical inspections across a broad range of 
structures without prior knowledge of these nonlinear imaging techniques.  
2) As a consequence of promising NCI experimental results seen in Chapters 4 and 5, it is 
recommended to develop numerical methods (e.g. finite difference and finite element approaches), 
thereby better understanding the underlying physics behind those novel nonlinear phenomena. The 
next step would be to quantitatively relate the nonlinear metrics ̃  and ?̃?  to microfeatures, 
roughness, corrosion and closure degrees of cracks by multiple experimental and numerical 
models, which must be designed carefully to provide specified characteristics of cracks. 
Ultimately, this research might contribute to the understanding of NCI results (in Chapters 5.1 and 
5.2) with respect to different parts and types of cracks from different inspection angles (e.g. the 
detectable negative magnitude in ?̃? seen in the cracked area far from the crack tip). This would 
facilitate the defect characterisation, thereby assessing the severity of nonlinear defects. 
3) The nonlinear information contained in the forward scattered field warrants further 
exploration by developing multi-mode sequential and parallel focusing method using single array, 
thereby possibly improving its applicability and detectability. Notably, preliminary studies using 
pitch-catch subharmonic measurement investigated longitudinal-shear and longitudinal-
longitudinal cases [Potter et al., 2016]. The results suggest that the scattered shear subharmonic 
field delivers larger amplitude than the scattered longitudinal subharmonic field. However, this 
ray-tracing technique, in conjunction with analysis of possible mode conversions (e.g. 
longitudinal-shear case) necessitate the prior knowledge of possible scatterer location and 
orientation. 




4) It is worth exploring the applications of NCI in other fields (e.g. medical diagnosis). Notably, 
the microbubble contrast agent, as an efficient nonlinear backscatterer, is widely used to 
significantly enhance the visualisation and the quantification of tissue perfusion and vascularity. 
Its capability of measuring small amounts of slow-moving blood, usually in fast-moving tissue 
backgrounds, is significantly desirable in the clinical diagnosis of cancer and cardiovascular 
diseases. Previous works reported that considerable imaging errors that arose from the ultrasound 
propagation path between transducer and area of interest were existing in the medical imaging 
techniques (e.g. pulse inversion and amplitude modulation methods) [Tang and Eckersley, 2006]. 
Therefore, the NCI approach provides the potentials to improve the selectivity of targeted 
microbubbles by eliminating the interference with nonlinear medium including tissues and bubbles 
in post-processing. The improvement in the detectability of targeted microbubbles would enable 
more effective diagnosis of cardiovascular diseases and cancer. However, the application of NCI 
in vivo must be optimised in terms of frame rate and focal laws. 
5) The classical nonlinearity (e.g. plastic deformation and creep) can be explored by pitch-catch 
NCI methods. Some preliminary studies were performed on a plastically deformed sample and a 
reference sample in undamaged condition as well as the same dimensions. A rectangular bar (in 
360 mm × 50 mm × 21 mm) was subjected to a static load of 23 kN, whereby the 2 mm maximum 
plastic deformation was generated at the centre. Note that the spans of top and bottom loading pins 
(arranged symmetrically about the centre of the bar) were chosen as 94 mm and 250 mm 
respectively. Subsequently, the middle part in 110 mm long was cut from the sample (as shown in 
Figure 6.1) for the ultrasonic inspection. The NCI configuration used in the pitch-catch 
fundamental measurement was implemented in this study (as illustrated in Figure 6.1). The results 
in Figures 6.2(a-d) suggest that the standard focal law used in parallel and sequential focusing 
calculated by using the fixed wave velocity did not work on the plastically deformed samples due 
to non-uniform distribution of plasticity (i.e. unpredictable change in wave speed) in the four-point 
bend bar [Kim et al., 2015]. The change in wave speed can be confirmed by the discontinuities of 
through-transmission amplitude in x-direction (as presented in Figure 6.2(b)) because the change 
in elasticity (i.e. the difference between the nominal velocity and the actual one) significantly 
determines the data retrieval from time traces. The discontinued features can also be correlated to 
the residual stress profile (reconstructed from the measured displacement) estimated by [Kim et 
al., 2015]. Therefore, the NCI measurement of non-uniform plasticity necessitates calibration of 




the focal law based upon prior knowledge of velocity distribution in the inspection area. The 
alternative solution might be longer transmission pulses (i.e. pulses with narrower transmission 
bandwidth) produced by a flexible array controller with arbitrary waveform generator. The 
realisation of NCI for the classical nonlinearity leads to a significant breakthrough in residual stress 
measurements, which could replace the impractical or destructive approaches (e.g. neutron 
diffraction and deep-hole drilling). 
 
Figure 6.1.  Schematic diagram of pitch-catch NCI measurement configuration on specimen subjected to 
four-point bending fatigue test (dimensions in mm). 





Figure 6.2. Linear sequential images in arbitrary units, of the same area (a) before deformation and (b) 
after deformation. Nonlinear images in nonlinear amplitude metric, , of the same area (c) before 
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CAD drawing regarding the geometry of the compact tension (CT) specimens, made of mild 
steel used in chapters 2, 3, 4 and 5: 
 
 














The micrographs for the fatigue crack grown in the compact tension (CT) specimen from 10000 
cycles to 100000 cycles in Section 5.2: 
 
 

















Figure A.4. Micrograph of the fatigue crack at 30000 cycles of 0.62 mm. 
 
 
Figure A.5. Micrograph of the fatigue crack at 40000 cycles of 0.91 mm. 
 
 
Figure A.6. Micrograph of the fatigue crack at 50000 cycles of 1.3 mm. 
 





Figure A.7. Micrograph of the fatigue crack at 60000 cycles of 1.8 mm. 
 
 
Figure A.8. Micrograph of the fatigue crack at 70000 cycles of 2.26 mm. 
 
 
Figure A.9. Micrograph of the fatigue crack at 80000 cycles of 2.89 mm. 
 
 
Figure A.10. Micrograph of the fatigue crack at 90000 cycles of 3.69 mm. 
 
 








The nonlinear ultrasonic diffuse energy imaging (NUI) results for the fatigue crack grown in 
the compact tension (CT) specimen from 10000 cycles to 100000 cycles in Section 5.2: 
 
 
Figure A.12. Nonlinear images in nonlinear diffuse energy metric, γ at (a) 10000 cycles, (b) 20000 cycles, 
(c) 30000 cycles, (d) 40000 cycles, (e) 50000 cycles, (f) 60000 cycles, (g) 70000 cycles, (h) 80000 cycles, 
(i) 90000 cycles and (j) 100000 cycles. The inspection configuration is as illustrated in figure 4.1(a) and 
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